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Abstract
The origin of divergent logarithmic contributions to gauge theory cross sections arising
from soft and collinear radiation is explored and a general prescription for tackling
next-to-soft logarithms is presented. The NNLO Abelian-like contributions to the
Drell-Yan K-factor are reproduced using this generalised prescription. The soft limit
of gravity is explored where the interplay between the eikonal phase and Reggeization
of the graviton is explained using Wilson line techniques. The Wilson line technique
is then implemented to treat the set of next-to-soft contributions arising from dressing
external partons with a next-to-soft Wilson line.
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Chapter 1
Introduction
Gauge quantum field theories are the current mathematical frameworks with which we
can explain the fundamental forces of nature. To each of the fundamental forces de-
tectable to us there exists a gauge field theory describing it. The quantum field theory
treatment of fundamental particle interactions began with quantum electrodynamics
(QED) which describes the interactions of photons with matter. The great success of
this theory is what has inspired us to proceed with applying this gauge field theoretic
knowledge to the other fundamental forces. QED is outstanding in the level of theo-
retical precision it has allowed us, one of the most remarkable accomplishments being
the calculation of the anomalous magnetic moment of the electron where its predicted
value matching the measured value of g/2 = 1.00115965218073(28) is viewed as the
pinnacle of scientific precision.
Currently the Large Hadron Collider (LHC) is the highest energy particle accelera-
tor created by man and its aim is to search and explore for new physics at an untested
energy regime. By colliding together bunches of protons which are composed of quarks
and gluons, particles currently treated theoretically in the framework of quantum chro-
modynamics (QCD), and observing the results we can detect new physics such as the
recent indication of a Higgs boson like particle signature. Increasing the theoretical
precision of calculations made in QCD will enable a more accurate ability to examine
and discover new physics at the LHC. The role of this thesis is to develop techniques
that will increase the accuracy of such calculations as well as to develop our theoretical
understanding.
The standard model of particle physics has the gauge group SU(3)×SU(2)×U(1).
However this theory is incomplete: it does not include gravity, and it is an effective
field theory valid at current collider energy levels. Being an incomplete theory causes
mathematical infinities to arise in quantum field theory calculations. The most familiar
of these are UV divergences. UV divergences are caused by very high energy modes
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being included in calculations. Modes that have energy of this scale are outside the
range of applicability of the standard model. As such they can be safely decoupled from
the low energy modes that are describable. We tackle the problem of UV divergences
through renormalisation. Renormalisation allows us to absorb the divergent nature
of these modes into the Lagrangian parameters of the theory. The values of these
constants are no longer treated as being fixed values but to be dependent upon the
energy they are being measured at. How these quantities depend on the energy is
governed by the renormalisation group equations. Through the work of regularising
and then renormalising these UV divergences are manageable.
There are other sources of divergence that appear in our theories besides the high
energy UV ones. Divergences associated with low energy (or long distance) modes are
correspondingly referred to as IR divergences. Once again we know these infinities
must be non-physical and we must find a way to manage them in our theory for
theoretical predictability. UV divergences are much studied, the focus of this thesis
will be towards IR divergences most importantly those arising when one includes soft
radiative enhancements to amplitudes.
1.1 IR Divergences in Quantum Field Theory
In this section we shall explain where the IR divergences originate from and how they
can arise from considerations of Feynman rules in scattering amplitudes.
1.1.1 Soft radiation
Soft radiation is radiation whose four momentum kµ → 0 with respect to the other
scales in the process. How emissions of bosons with such low momentum can lead
to divergences is best explained through a heuristic example. Consider a scattering
event where a single soft boson is emitted from an external leg of a scattering process,
diagrammatically represented in figure (1.1). In the strictly soft limit kµ → 0 we can
view this emitted particle as having an infinite Compton wavelength and as such it
is unable to probe the hard interaction, it is therefore insensitive to the details of it,
which leads to a factorisation between hard and soft physics. Interactions between the
soft region and hard region enter at higher orders in the soft expansion which will be
the focus of later sections in this thesis. The emitted particle could be real in which it
will appear in the final state. However, its soft momentum will make it indiscernible
to the detector. An alternative interaction would be for this boson to be re-absorbed
by one of the external legs making it a virtual boson. Once again the zero momentum
of the particle will make this indistinguishable to the bare interaction and the real one
Next-to-Soft Radiative Corrections in QCD and Quantum Gravity. 19
k
p+ k p
Figure 1.1: A Feynman diagram showing the emission of a soft photon with momen-
tum k → 0 from an external leg of a scattering process with final state momentum
p. The factorisation of the soft radiation from the hard radiation makes knowledge
of the details of the hard interaction unnecessary when concerned with the infra-red
contributions to the amplitude.
mentioned above. This will be true for any number of such emissions. The same argu-
ment can be extended to consider collinear emissions also needing to be considered for
the full cross section. It is therefore clear that if one wishes to calculate the scattering
cross section for this interaction detected in collider experiments one must calculate
the superposition of all (infinity) such degenerate soft and or collinear enhancements to
the bare cross section. The integrations performed to obtain scattering amplitudes will
become IR divergent, but there exist theorems demonstrating that these divergences
cancel when amplitudes are summed. This idea was first demonstrated by Bloch and
Nordsieck [4] when considering infra-red divergences in electron scattering that related
to massless particles. They showed that if one combines the bremsstrahlung contribu-
tion with the radiative correction to the elastic process the IR divergence cancels. The
general form of this theorem was presented by Kinoshita-Lee-Nauenberg [5–7] which
states that the fully inclusive cross section including all degenerate energy states in
both the initial and final states leads to an infra-red divergence free cross section. The
divergences arising from loop level graphs can be shown to cancel with those coming
from real emissions (phase space integrals) for all of the standard model.
1.1.2 Soft divergences at 1 loop
Soft divergences appear at orders beyond tree level in perturbation theory, the added
emission necessitating added factor(s) of the coupling constant. Consider the tree level
diagram of a fermion anti-fermion pair producing an off-shell photon shown in figure
(1.2). Using the Feynman rules derived from the lagrangian, the associated amplitude
contribution for this graph in momentum space is
Mtree = ieu¯(p)γµν(p¯). (1.1)
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p
p
γ∗
Figure 1.2: Feynman diagram for an off shell photon being produced from a fermion
anti-fermion pair.
p
p
γ∗
k
p− k
p− k
Figure 1.3: Feynman diagram showing the vertex correction to figure (1.2) where a
virtual photon is exchanged between the fermion anti-fermion pair.
The photon will then go on to decay further but for the purposes of this demonstration
the details are not important. In order to achieve greater precision, as is required for
phenomenology one must also include contributions from graphs that arise at higher
orders in the perturbation series expansion w.r.t. to the coupling constant e.g. loop
graphs. Strictly speaking, the renormalised coupling constant is a measure of whether
these higher order graphs are required. At current collider energies, the couplings
are small such that higher order contributions are relatively suppressed, but still nu-
merically important. As a simple example consider the emission and re-absorption
of a virtual photon between the two fermions shown in figure (1.3). The associated
amplitude for this graph is
Mvirtual = e3µ2u¯(p)γν
∫
ddk
(2pi)d
1
k2
(/p− /k)
(p− k)2γ
µ (/¯p− /k)
(p¯− k)2γνν(p¯), (1.2)
where we are working in the Feynman gauge for the photon propagator and using
dimensional regularisation to regulate the infra-red divergences, d = 4− 2. The scale
µ is inserted to keep the coupling constant dimensionless. The Feynman iε prescription
is implied for the propagators. The fermions are on-shell and massless such that they
obey p2 = p¯2 = 0, allowing us to write the amplitude as
Mvirtual = e3µ2u¯(p)γν
∫
ddk
(2pi)d
1
k2
(/p− /k)
k2 − 2p · kγ
µ (/¯p− /k)
k2 − 2p¯ · kγνν(p¯), (1.3)
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this would also be the result for on-shell massive fermions. The origins of soft diver-
gences can now be observed, they arise due to the integral over the virtual particle
momentum including the region where k → 0. If we work in the limit of very small
virtual momenta i.e. kµ → 0 we can expand the denominators in the integrand about
small k
(k2 + 2p · k)−1 = (2p · k)−1
(
1 +
k2
2p · k
)−1
= (2p · k)−1
[
1 +
∞∑
n=1
(−1)n
(
k2
2p · k
)n]
. (1.4)
For vanishing virtual momentum the leading order contribution to the amplitude is
Mvirtual = e3µ2u¯(p)γν
∫
ddk
(2pi)d
1
k2
/p
2p · kγ
µ /¯p
2p¯ · kγνν(p¯). (1.5)
In this “soft limit” it can be observed that the integral is logarithmically divergent
in four dimensions. Introducing the added dimensionality through the  parameter
allows us to regulate this divergence. Also apparent from this amplitude is the origin
of another form of divergence, one relating to either p · k = 0 or p¯ · k = 0. This could
be the consequence of the momentum being soft or due to the virtual boson having
momentum such that it travels parallel to either of the external legs. These are known
as collinear divergences. Collinear divergences require the boson and its emitter to
be massless, it can be seen that if a mass term were present in the Feynman rule it
would regulate these divergences. In the example used it may appear unnatural to
use massless emitting fermions because none exist in the standard model however the
masses of the lightest quarks will be small enough with respect to the other scales in
the scattering process that they can be considered massless.
1.1.3 Eikonal Feynman rules
It has already been demonstrated that in the soft limit (also known as the eikonal ap-
proximation for the emitting particles) the amplitudes for diagrams become simplified.
The leading order terms of the expanded full Feynman rules can be interpreted as a
set of effective eikonal Feynman rules that can be used to obtain the leading order
soft amplitude. Using eikonal Feynman rules will allow for much simpler calculations.
Also they have uses for making manifest the factorisation of soft effects from the hard
amplitude, and for deriving resummation properties of eikonal logarithms.
If we recall from before the amplitude in the soft limit for our massless QED process
was given in equation (1.5). We can go further in our treatment and anticommute
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k1 k2 kn−1 kn
p+K1 p+K2 p+Kn p
Figure 1.4: Section of the Feynman diagram for an external fermion of final momentum
p emitting n-soft photons of momentum ki.
through the Dirac matrices in the numerator utilising their Clifford algebra {γµ, γν} =
2ηµν to obtain
Mvirtual = e3µ2u¯(p)γµν(p¯)
∫
ddk
(2pi)d
1
k2
p · p¯
(p · k)(p¯ · k) . (1.6)
We can see that the hard amplitude has factorised, demonstrating the factorisability of
long and short distance effects in the soft limit. The soft enhancement to the diagram
has taken the form of multiplying the tree level graph by a divergent integral over the
eikonal Feynman rules. We can identify the vertex with the soft photon as being
e
pµ
p · k . (1.7)
The soft radiation is insensitive to the spin of the emitting particle so this rule will
apply for dressing scalar amplitudes too. We can use the effective Feynman rules to
construct all possible graphs at a given order in perturbation theory to gain the leading
soft contribution to the amplitude at that order.
It is worth demonstrating that for numerous real emissions from a single external
line in the eikonal limit we can dress the external line with an eikonal Feynman rule for
each emission. Consider a fermion with n soft gluon emissions, represented in figure
(1.4). The amplitude for this process takes the form of
Mmultiple =MHard(p) /
p+ /K1
(p+K1)2
γµ1 ...
/p+ /Kn
(p+Kn)2
γµnu¯(p), (1.8)
where Ki =
∑n
m=i km is a sum over soft gluon momenta. In the eikonal limit we drop
the factors of K from the numerator and keep only leading order denominators:
Mmultiple =MHard(p) /
p
2p ·K1γ
µ1 ...
/p
2p ·Knγ
µnu¯(p). (1.9)
We consider the external particle to be on the mass shell such that /p2 = 0 and using
Next-to-Soft Radiative Corrections in QCD and Quantum Gravity. 23
the Clifford algebra the numerator reduces to
Mmultiple =MHard(p) p
µ1
p ·K1 ...
pµn
p ·Kn u¯(p). (1.10)
Next we can go on to impose Bose symmetry and sum over all the permutations of
orders in which the soft gluon is emitted to obtain the full eikonal factor for this
amplitude
Eµ1...µn(p, ki) =
1
n!
∑
pi
pµ1
p ·Kpi1
...
pµn
p ·Kpin
. (1.11)
The summation is over all the permutations, pi, of emissions. This eikonal factor can
then be simplified by use of the eikonal identity
∑
pi
pµ1
p ·Kpi1
...
pµn
p ·Kpin
=
∏
i
pµi
p · ki . (1.12)
We therefore see that the leading soft amplitude can be obtained by replacing the full
Feynman rules for a given diagram with eikonal Feynman rules for each soft boson
emission, either real or virtual. As will be demonstrated, at next-to-soft level there
are more contributions to amplitudes, that require more work than only linearising the
denominators of the propagators.
This analysis has considered abelian-like gauge theories only. For non-abelian gauge
theories one must tackle the added combinatoric complications that arise with the non-
commutativity of the charge matrices. It can be demonstrated that for such theories
one must utilise special Feynman diagrams called “webs” defined for two-line processes
in [8–10] and for processes involving more than two lines in [11–20] (see e.g. [21] for a
review).
1.2 Threshold Logarithms
For fully inclusive processes the KLN theorem states that the IR poles will cancel
between real and virtual emission diagrams. After this cancellation there will still re-
main residual factors left to contribute to physical cross sections that take the form of
logarithms of ratios of variables, that become divergent as one approaches the soft or
collinear limit. These logarithmic enhancements become the dominant contributions to
cross sections that are computed beyond leading order in the soft energy limit. When
the logarithms diverge faster than the coupling constant suppresses them these loga-
rithms must be resummed to all orders in perturbation theory. In the following section
we shall indicate how the differential cross section for a hadronic process depends on
such logarithms and make clear the importance of being able to manage these effects
24 Chapter 1. Introduction
p k
p− k γ∗
p
Figure 1.5: Feynman diagram showing the real emission of a gluon from an external
fermion
to leading order and beyond.
1.2.1 Threshold expansion
For different hadronic cross sections there exist different parametrisations by which one
can measure the deviation from the soft limit. Consider the scattering event shown in
figure (1.5). This is the Feynman diagram representation of qq¯ → g + γ∗ which is a
radiative correction to Drell-Yan scattering. The total squared partonic initial state
energy is given by s = (p + p¯)2 and the outgoing virtual photon carries total energy
q2. It is then possible to construct the ratio of these two values to find the fraction of
the total energy carried by the emitted virtual boson: z = q
2
s
. The limit in which the
gluon becomes soft is z → 1. We can create a threshold parameter ξ = 1−z, such that
as the momentum of this gluon becomes soft, the threshold parameter tends to zero.
We can expand the perturbative cross-section in this threshold parameter and it will
take the following form:
dσ
dξ
=
∞∑
n=0
(αs
pi
)n 2n−1∑
m=0
[
c(−1)nm
(
logm ξ
ξ
)
+
+ c(δ)nmδ (1− ξ) + c(0)nm logm ξ + ...
]
, (1.13)
where the + indicates a plus distribution defined in appendix A.2.5 and the ellipsis
indicates terms further suppressed by the threshold parameter. Although we are dis-
cussing Drell-Yan scattering, this formula is generally applicable to any process, where
the constant factors cnm are process dependent. The first terms in this expansion,
characterised by the coefficients c
(−1)
nm , are the leading power (LP) threshold logarithms
which are reproduced by using the eikonal approximation. The terms characterised
by c
(0)
nm are next-to-leading power (NLP) threshold logarithms, the prescription for
computing which are the basis for the following sections of the thesis.
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1.3 Soft-Collinear Amplitude factorisation
IR divergences are known to factorise from the infra-red safe, process dependent part
of scattering amplitudes as demonstrated in [22, 23]. It is then possible to write a
scattering amplitude in the following form:
A
(
Q2
µ2
, αs(µ
2), 
)
= H ({pi}, {ni}, αs(µ2), )× S ({βi}, αs(µ2), )
×
n∏
i=1
[
Ji(pi, ni, αs(µ
2), )
Ji(βi, ni, αs(µ2), )
]
, (1.14)
where pi (βi) is the momentum (four-velocity) of the i
th particle and Q is the hard
process energy scale, the product runs over all n external lines in the scattering process.
H is the process-dependent hard function that is IR divergence free. S is the soft
function, which collects all IR divergent terms relating to soft radiation from external
particles. The soft function is independent of the spin of the emitting particles. Ji
is the jet function which contains all IR divergences relating to the emitted radiation
being collinear to the external leg i. The product then includes a jet function for each
of the external particles, and such divergences each depend upon the spin and charge
quantum numbers of a single emitting particle. Ji is the eikonal jet function which
includes divergences that are both soft and collinear in origin and removes those terms
that have been double counted in both the soft and jet functions. The factorisation of
the amplitude leads to the possibility of resummming the infra-red divergences to all
orders in perturbation theory, for which at leading soft order a multitude of methods
exist [24–34].
We will now formally define the above quantities for use in the coming chapters deal-
ing with next-to-soft effects. The definition of the jet function for a leg of momentum
p is [23]
J
(
p, n, αs(µ
2)
)
u(p) = 〈0|Φn(∞, 0)ψ(0)|p〉. (1.15)
Here the incoming parton of momentum p is absorbed by the quantum field ψ(x) at
the spacetime point x = 0. The function Φn(∞, 0) is a Wilson line extending from the
spacetime point x = 0 to infinity in the direction of the auxiliary gauge link given by
nµ. The Wilson line is defined to be
Φn(λ2, λ1) = P exp
[
igs
∫ λ2
λ1
dλn · A(λn)
]
, (1.16)
where P denotes path ordering over the gauge fields Aµ in the exponent necessary for
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non-abelian field theories. Wilson lines are inherently gauge covariant. Similarly, the
eikonal jet is defined to be
J (β, n, αs(µ2), ) = 〈0|Φn(∞, 0)Φβ(0,−∞)|0〉, (1.17)
where the external leg of momentum p is replaced with a Wilson line of four-velocity
β. It was the work of [27, 28] that first demonstrated that soft divergences come from
treating external legs as Wilson lines.
The auxiliary four-vector nµi that has been used throughout this section is a factori-
sation vector that cannot appear in the final amplitude. The dependence on the vector
nµi must therefore cancel between the jet and hard functions. We are therefore free to
pick any value for the vector nµi . It is useful for our purposes of considering massless
quarks to define two dimensionless light-like vectors nˆi to be in directions anti-collinear
to the pi such that
nˆ2i = 0, nˆi · pi = Q. (1.18)
We can then define the dimensionful vectors to be:
ni =
Q
2
nˆi, ni · pi = Q
2
2
. (1.19)
Note for the two parton process we are considering p1 is anticollinear to p2 and vice-
versa. We can therefore make the replacements
n1 = p2, n2 = p1. (1.20)
The soft function for the two parton amplitude is defined as [23]
S(β1 · β2, αs(µ2), ) = 〈0|Φβ2(∞, 0)Φβ1(0,−∞)|0〉. (1.21)
this differs from the eikonal jet of equation 1.17 in that the Wilson lines are following the
path of the external particles via their four-velocities β1 and β2 and are not dependent
upon the auxiliary vector. It will be useful for the following analysis to keep soft and
collinear divergences treated separately. For this purpose we can define the reduced
soft function
S¯
(
β1 · β2
β1 · n1β2 · n2 , αs(µ
2), 
)
=
S(β1 · β2, αs(µ2), )∏
i Ji(βi · ni, αs(µ2), )
. (1.22)
Here we have removed the soft-collinear divergences from the soft function so it is
collinear divergence free and all collinear divergences will be treated by the jet functions.
The ratio in the argument of the reduced soft function is invariant under re-scalings of
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βi → λiβi as discussed in [23, 35, 36]. The soft function and eikonal jet functions alone
are not invariant under this rescaling for light-like βi due to the presence of collinear
singularities in both factors. The construction of the reduced soft function restores this
symmetry.
It has been demonstrated how the factorisation structure of a gauge theory ampli-
tude is carried out and we can write it in a schematic form as
A = H× S¯ ×
2∏
i=1
Ji. (1.23)
where all collinear singularities are contained in the jet functions and the reduced soft
function is collinear divergence free. We can therefore define a collinear divergence free
factor as first constructed in [37]
H ≡ H× S¯, (1.24)
which will be useful in what follows.
1.4 Next-to-soft contributions
We saw earlier how soft radiative corrections produce the LP threshold logarithms in
the scattering cross section. NLP threshold logarithms arise from next-to-soft radiative
corrections to amplitudes. Next-to-soft terms can be understood by first considering
rescaling the soft momentum by a soft parameter i.e. kµi → ηkµi . The eikonal amplitude
for n soft emissions was order η−n, and thus the next-to-eikonal (NE) terms will be of
order ηn−1.
NLP contributions are still singular in the limit of ξ → 0 but integrably so. How-
ever they still give large contributions to amplitude calculations. The current level of
precision required by collider phenomenology makes the investigation of such effects
important for enhancing our theoretical predictions. It is expected that NLP effects
will give large corrections to scattering cross sections and a large body of work into the
significance of these effects when considering Higgs production exists [38–43].
There are two types of contributions to the NLP threshold logarithms that we call
internal and external emissions. We have described previously how eikonal emissions
dress external partons to give us soft amplitudes. If we consider the leading soft
amplitude we can consider replacing one of the soft (eikonal) Feynman rules for a
next-to-soft (next-to-eikonal) one. At next-to-soft level there may be numerous such
next-to-soft Feynman rules that we can insert in place of each eikonal rule. All of these
will be considered and will build up the so-called external emission contributions.
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H
Figure 1.6: This figure shows the schematic diagram for the internal emission of a
boson that would contribute at next-to-soft level. H represents the hard interaction
process
At next-to-soft level we can no longer consider the emissions to have an infinite
Compton wavelength so they can probe the hard interaction details. Consequently the
spin of the emitter will be resolvable by the emissions and we will see in what follows
how this appears in the Feynman rules and the amplitude.
Internal emissions are soft bosonic emissions from within the hard interaction. For
the reason mentioned above such terms have no analogue in the soft limit and will
produce extra diagrams not present in the soft case. The way in which we manage
such effects is via the Low-Burnett-Kroll-Del Duca theorem [37, 44, 45] which will be
discussed in the next section.
1.5 The Low-Burnett-Kroll-Del Duca (LBKDD) the-
orem
Important for the tackling of next-to-soft effects is the Low-Burnett-Kroll [44, 45] the-
orem and its extension to a greater regime of applicability for massless particles by
Del-Duca [37]. At next-to-soft level one must consider added contributions to ampli-
tudes arising from the soft bosons being emitted from within the hard interaction. Such
occurrences shown schematically in figure (1.6) are named internal emission contribu-
tions. The theory manages internal emission contributions to amplitudes by relating
them to derivatives of the non-radiative amplitude.
The initial work of Low in the field of quantum electrodynamics utilised the Ward
identity of QED to relate the amplitude for a general bremsstrahlung process to that
of the non-radiative amplitude. The leading and next-to-leading behaviour of the
amplitude on the photon energy was shown to be reproduced by this method. The work
was initially performed in a regime such that the photon energy was the smallest scale
in the amplitude, this has uses for soft radiation emission but is no longer valid with
the case of massless emitting particles at next-to-leading order due to jet contributions.
It is the work of Del Duca that extended the regime of applicability to m2/Q ≤ ωk ≤ m
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where m is the mass of the emitting particle, Q is the hard process scale where Q→∞
with respect to the other scales and ωk is the emitted photon’s energy. Low’s work
was also restricted to scalar emitting particles, and the magnetic moment one has
to consider when the emitter has spin can also enter at next-to-leading order. The
intermediate work of Burnett and Kroll extended Low’s theorem to consider fermions
in unpolarised cross sections. Further work was carried out to finally extend the theory
to cover processes with arbitrary spin and polarisation. We shall follow the work of Del-
Duca [37] in this section to indicate how the theory utilises the Ward identity to relate
the internal emission contributions to amplitudes, to the non-radiative amplitude.
We write an amplitude with an additional gluon emission as
Aµµ(k) = AJµµ(k) +AHµ µ(k), (1.25)
where µ is the polarisation vector of the emitted gluon and AJµ(AHµ ) represent am-
plitudes relating to the emission being from within the jet and collinear-free functions
respectively. We can write the jet emission amplitude as
AJµ =
2∑
i=1
H(pi − k; pj, nj)Jµ(pi, k, ni)
∏
j 6=i
J(pj, nj) ≡
2∑
i=1
AJiµ . (1.26)
The semi-colon is to separate out the momentum factor that will be affected by the
emission. Here we have introduced the radiative jet function first defined in [37]
Jµ(p, n, k, αs(µ
2), )u(p) =
∫
ddy exp(−i(p− k) · y)〈0|Φn(y,∞)ψ(y)jµ(0)|p〉, (1.27)
where jµ(0) is the chromo-electric current that enables the emission of a soft gluon of
momentum k. This jet is an incoming quark of momentum p which gets absorbed by
the field at spacetime point y and whose gauge phase factor is transported to ∞ by
the Wilson line factor. This function represents the emission of a gluon from inside of
the jet function, this has not previously been calculated. The calculation of it will be
performed in the following chapter.
Provided the chromo-electric current used in the definition of the jet function is
conserved the radiative jet function obeys the Ward identity [37]
kµJµ(p, n, k, αs(µ
2), ) = qJ(p, n, αs(µ
2), ), (1.28)
where q is the charge of the external line and will be positive or negative if p is incoming
or outgoing respectively. The Ward identity for the radiative jet function is none-zero
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however the Ward identity for the entire amplitude is
kµAµ = 0. (1.29)
From the definition for the total amplitude this implies
kµAHµ = −kµAJµ. (1.30)
This Ward identity makes clear the interplay between the collinear-free function H and
the jets. Using equation (1.26) the right-hand-side takes the form of
kµAJµ(pi, k) =
2∑
i=1
qiH(pi − k; pj, nj)
2∏
j=1
J(pj, nj), (1.31)
we can then Taylor expand the hard function about the soft momentum to next-to-soft
level
H(pi − k; pj, nj) =
(
1− kµ
(
∂
∂pµi
))
H(pi; pj, nj). (1.32)
Inserting this back into equation (1.31) one obtains:
kµAJµ(pi, k) =
2∑
i=1
qi
[
H(pi; pj, nj)− kµ ∂
∂pµi
H(pi; pj, nj)
] 2∏
j=1
J(pj, nj). (1.33)
The first term can be seen to vanish due to charge conservation (color conservation in
QCD). The Ward identity of equation (1.30) can then be used to obtain
kµAHµ = kµ
2∑
i=1
qi
∂
∂pµi
H(pi; pj, nj)
2∏
j=1
J(pj, nj). (1.34)
It is convenient to decompose the polarisation into a sum over polarisation tensors
as performed in references [37, 46] to consider emissions of G/K polarised photons
individually.
ηµν = Gµν +Kµν , (1.35)
where
Kµν(p; k) =
(2p− k)ν
2p · k − k2k
µ. (1.36)
From equations (1.35) and (1.36) Gµν must therefore satisfy:
pµGµν = O(k), Gµνkν = 0. (1.37)
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This decomposition allows us to write the expression for the emission of a K-gluon
from the jet function
AJiν Kνµi = qi
(2pi − k)µ
2pi · k − k2H(pi − k; pj, nj)
2∏
j=1
J(pj, nj)
= qi
[
(2pi − k)µ
2pi · k − k2A−
(
Kνµi
∂
∂pνi
H(pi; pj, nj)
) 2∏
j=1
J(pj, nj)
]
, (1.38)
where Kνµi is the K-tensor for the i-th jet, A is the non-radiative amplitude and the
hard process has been Taylor expanded in the second line. Next we can consider the
emission of a G-gluon from a jet
AJiν Gνµi = Gνµi H(pi − k; pj, nj)Jν(pi, k, ni)
∏
j 6=i
J(pj, nj). (1.39)
The G tensor ensures this term enters at next-to-soft order therefore we only need
to keep the leading term in the Taylor expansion of the hard function. All of these
ingredients together for the full amplitude for a two jet process
Aµ = AH,µ +
2∑
i=1
(AJiν Kνµi +AJiν Gνµi ) , (1.40)
The result is
Aµ(pj, k) =
2∑
i=1
[
qi
(
(2pi − k)µ
2pi · k − k2 +G
νµ
i
∂
∂pνi
)
A(pi; pj)+
+H(pj, nj)S¯(βj, nj)Gνµi
(
Jν(pi, k, ni)− qi ∂
∂pνi
J(pi, ni)
)∏
j 6=i
J(pj, nj)
]
,
(1.41)
where the hard amplitude has been replaced using the leading order factorisation for-
mula. Doing so has caused derivatives formerly acting on the hard function to now
act upon the full amplitude and jet functions. The internal emission contributions
are now described through the derivative of the non radiative amplitude, the process
independent jet function and the radiative jet function for emissions in the collinear
region. The derivatives are with respect to the hard momenta of the emitting particles,
and the sum ensures we get contributions from all places such an emission can occur.
The only parts of this amplitude that are process dependent are the hard function H
and the non-radiative amplitude A.
We can construct the NNLO annihilation cross section from the amplitude formula
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in equation (1.41) by contracting it with the tree-level 1-real emission matrix element
and integrating over the real gluon phase space. Doing so will compute the NLP loga-
rithms we are trying to reproduce. It is worth mentioning that the factorisation of the
leading order phase space is well understood and will be needed for these NLP matrix
elements. There will also be contributions at NLP order from LP matrix elements
being integrated over the NLP corrected phase space which are discussed in reference
[47].
Chapter 2
NLP corrections in Drell-Yan
scattering
The previous chapter has explained the origins of all NLP contributions to amplitudes
and demonstrated that all of these effects are captured in the factorised form of equation
(1.41). The formalism constructed is applicable to any process. As a non-general
check of this we shall attempt to recreate all abelian-like NLP threshold logarithms
contributing to the NNLO Drell-Yan K-factor. The Drell-Yan process is ubiquitous in
the background of current proton-proton colliders. It is the process of a quark anti-
quark pair colliding to form a virtual electro-weak boson that decays into a lepton
anti-lepton pair. By considering the graphs that have 1 real and 1 virtual emission of
soft gluons we have a non-trivial check of the formalism as in such a process poles of
both collinear and soft origin will be present. By restricting the investigation to abelian
like logarithms the combinatorics required for the color matrices can be avoided for an
initial test of the formalism. The Drell-Yan process has been selected for its simplicity
in that it only involves two color charge carrying particles at leading order and it will
not involve final state jets. For uses in current phenomenology it would be the aim
to extend this work for application to Higgs production via gluon fusion where work
exists detailing NLP logs up to N3LO [43, 48].
The previous section outlined the LBKDD theorem and left us with a way of relating
a radiative amplitude to its non-radiative counterpart. It shall be the work of the initial
sections of this chapter to give detail into how to calculate the components on the
right hand side of equation (1.41) for a general process, before looking at the specific
amplitude for Drell-Yan scattering.
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2.1 Radiative Jet Function
We introduced the radiative jet function previously in equation (1.27). It was men-
tioned that jµ(0) is the chromo-electric current that enables the emission of a soft gluon
of momentum k. For constructing the abelian-like logarithms it is sufficient to use the
current
jµa (x) = ψ¯(x)γ
µTaψ(x), (2.1)
which is the QED-like current for QCD. We will now go on to compute the radiative jet
function for this QED-like current. We will be concerned with generating the abelian-
like logarithms and so we wish for the terms proportional to CnF at O(αns ) i.e. discard
terms that arise from Feynman diagrams with multi-gluon vertices. To this end we
can disregard terms proportional to CFCA where CF and CA are the quadratic Casimir
operators in the fundamental and adjoint representations of the group respectively.
2.2 Jet functions for light-like reference vector
The jet function is parameterised by the reference vector nµ. It is normal to keep the
reference vector off the light cone. This allows one to manage and remove spurious
collinear singularities relating to the nµ Wilson line and it allows a check of the final
amplitude by seeing if it is nµ independent. For these reasons the non-radiative jet
function J and the eikonal jet function J have been computed at one-loop order for
non-null n as discussed in [23, 24].
For our purposes it will be computationally simpler to work with a light-like refer-
ence vector, i.e. one that satisfies n2 = 0. This will also lead to simplifications to the
total amplitude that we are needing to compute to be discussed later in this chapter.
2.2.1 Tree level radiative jet function
We shall now go on to compute the radiative jet function. For our purposes we only need
to compute terms up to next-to-leading order where we define perturbative coefficients
via
Jν(p, n, k;αs, ) = gs
∞∑
n=0
Jν(n)(p, n, k; )
(αs
4pi
)n
. (2.2)
The Feynman diagram for the tree level radiative jet function is shown in figure
(2.1) and has the associated expression of
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n
p− kp
k
Figure 2.1: Feynman diagram of the tree level radiative jet function. The double line
represents the jet leg.
Jν(0)(p, n, k) =
(/p− /k)
−2p · kγ
µu(p)
=
(
/kγν
2p · k −
pν
p · k
)
u(p). (2.3)
The radiative jet function is spin dependent and so the amplitude can be split into its
spin dependent and spin independent parts:
Jν(0)(p, n, k) =
(
− p
ν
p · k +
kν
2p · k −
ikαΣ
αν
p · k
)
u(p), (2.4)
where we have used the Lorentz generators for spin 1/2
Σαµ =
i
4
[γα, γµ] . (2.5)
To generalise the expression to an emitter of different spin one would need to replace
the Lorentz generator with the appropriate one.
2.2.2 LBKDD continued
The LBKDD theorem was used to create an expression for the radiative amplitude
given in equation (1.41). We wish for all terms in this equation to multiply the non-
radiative amplitude, we can accomplish this by multiplying and dividing through by
the non-radiative jet function
Aµ(pj, k) =
2∑
i=1
[
qi
(
(2pi − k)µ
2pi · k − k2 +G
νµ
i
∂
∂pνi
)
+Gνµi
(
Jν(pi, k, ni)
J(pi, ni)
− qi ∂
∂pνi
(ln J(pi, ni))
)]
A(pi; pj). (2.6)
The L.H.S. of the amplitude is renormalisation group invariant as it is a physical
amplitude. One may therefore choose to work with bare or renormalised quantities on
the R.H.S. .The eikoinal Feynman rules are invariant under the rescaling nµ → λnµ
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p
n
kv
Figure 2.2: The one-loop correction to the non-radiative Jet function vertex.
thus effectively ruling out the Jet functions dependence on (n·p) by rescaling invariance
arguments. The scale invariant dimensionless quantity that could survive is (p·n)
2
n2µ2
but
the choice of n2 = 0 rules this out implying the loop corrections to the non-radiative
jet function should be scaleless and manifestly zero. However it is worth calculating
the non-radiative jet function to make clear why bare-quantities are preferable. If we
consider the one loop vertex correction to the non-radiative jet function given in figure
(2.2) its expression is
J
(1)
V (p, n; ) = 2iµ
2g2s
∫
ddk
(2pi)d
(/p− /k)/n
k22n · k(p− k)2
= 2iµ2g2s
∫
ddk
(2pi)d
∫ 1
0
dx
∫ 1
0
dy
2y(/p− /k)/n
[yk2 − 2xyk · p+ 2(1− y)n · k]3
=
αs
2pi
(4piµ2)Γ(1 + )(−2p · n)− 1
(− 1)
∫ 1
0
dyy−1+(1− y)−1−. (2.7)
The result is dependent upon the scale (n · p) this is the result of the hard collinear
divergence breaking rescaling invariance. If one were to work with renormalised quan-
tities then the UV pole can be removed however this result is badly behaved for all
values of  It is therefore sensible to work with bare quantities and take the y-integral
in equation (2.7) to be zero. We therefore see that for the choice of n2 = 0, all loop
corrections to the bare non-radiative jet function can be taken to be manifestly zero in
dimensional regularisation allowing one to set
J(pi;ni) = 1. (2.8)
This leaves us with the final expression for the radiative amplitude in this renormali-
sation scheme choice of
Aµ(pj, k) =
2∑
i=1
[
qi
(
(2pi − k)µ
2pi · k − k2 +G
νµ
i
∂
∂pνi
)
+Gνµi Jν(pi; k)
]
A(pi; pj). (2.9)
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(a)
p
n
kv
kr
(b) (c) (d)
Figure 2.3: Graphs contributing to the one-loop radiative jet function. The labelling
convention used for diagram (a) is used for all graphs but has been supressed for clarity.
This form will be used for the Drell-Yan analysis. It shall now be our goal to compute
each component of the amplitude in equation (2.9).
2.3 Radiative jet function at 1-loop
The four Feynman diagrams that will contribute to the one real one virtual radiative jet
function at NNLO are shown in figure (2.3). The virtual boson in diagrams (a) and (b)
connects the Wilson line and external parton legs and so they will be dependent upon
the reference vector nµ. Diagrams (c) and (d) involve the virtual gluon being emitted
and reabsorbed by the external parton leg and will therefore be nµ independent.
2.3.1 Vertex correction
The diagram (b) from the one loop diagrams in figure (2.3) has the amplitude
Jµ(b) = 2iµ
2g3sT
a
∫
ddkv
(2pi)d
(/p− /kv − /kr)/n(/p− /kr)γµu(p)
k2v(p− kv − kr)2(p− kr)22n · kv
. (2.10)
In order to begin computing this we first introduce Feynman parameters to re-write
the integral as
Jµ(b) =
2iµ2g3sT
a
(−2p · kr)
∫ 1
0
dx
∫ 1
0
dy
∫
ddkv
(2pi)d
2(1− y)ND−3, (2.11)
where we have defined:
D =(1− y)k2v + y2n · kv + (1− y)x(−2p · kv − 2p · kr + 2k · kr),
N =(/p− /kv − /kr)/n(/p− /kr)γµu(p). (2.12)
The Feynman parameters have been implemented using
1
AB
=
∫ 1
0
dx
1
[xA+ (1− x)B]2 , (2.13)
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in such a way that the two terms quadratic in kv are grouped together with the first
parameter and the term linear in kv is grouped in with the second parameter. This
choice of grouping will make the integrals over the Feynman parameters simpler and
more recognisable. Next complete the square in the denominator and shift the inte-
gration parameter defining
D
(1− y) = k
′2 −M2, (2.14)
where
k′ = kv +
yn
(1− y) − xp+ xkr
M2 = x2p · kr + xy
(1− y)(−2n · p) +
xy
(1− y)(2n · kr) + x
2(−2p · kr). (2.15)
Shifting the loop momentum and utilising the Clifford algebra of the gamma matrices
the numerator factor can be written as
N = (1− x)[2n · p(2pµ − /krγµ) + 2p · kr/nγµ − 2pµ2n · kr]u(p). (2.16)
Terms have been neglected whose numerators are linear in the shifted loop momen-
tum as these will be zero on integration and /n2 = 0 has been used. Performing the
integration over the loop momentum we are left with
Jµ(b) =
2µ2g3sT
a
(−2p · kr)
Γ(1 + )
(4pi)2−
[2n · p(2pµ − /krγµ) + 2p · kr/nγµ − 2pµ2n · kr]u(p)Ib, (2.17)
where we have defined
I(b) =
∫ 1
0
dx
∫ 1
0
dy(1− x)(1− y)−2
×
[
x(1− x)(2p · kr) + xy
(1− y)(−2n · p) +
xy
(1− y)(2n · kr)
]d/2−3
. (2.18)
We can perform the y integral first
I(b) =
(2p · kr)−
(2n · kr − 2p · n)
∫ 1
0
dxx−1−(1− x)1−. (2.19)
The x integral is recognisable as the definition of the beta function
I(b) =
(2p · kr)−
(2n · kr − 2p · n)
Γ(−)Γ(2− )
Γ(2− 2) . (2.20)
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The result for the diagram is now
Jµ(b) =
−2µ2g3sT a
(4pi)2−
[2n · p(2pµ − /krγµ) + 2p · kr/nγµ − 2pµ2n · kr]u(p)×
× (2p · kr)
−1−
(2n · kr − 2p · n)
Γ(1 + )Γ(−)Γ(2− )
Γ(2− 2) . (2.21)
This result can be expanded to linear order in the real emission momentum kr and we
can make use of the definition of
Γ(b) =
Γ(1 + )Γ(1− )Γ(2− )
Γ(2− 2) , (2.22)
to write the result as
Jµ(b) =
2µ2g3sT
a
(4pi)2−
(2p · kr)−1−Γb
[
−2pµ + /krγµ + 2p · kr−2p · n(2n
µ − γµ/n)
]
u(p). (2.23)
2.3.2 Diagram (a), Box diagram
The next diagram to tackle is diagram (a) where the real gluon is emitted from within
the virtual emission loop. This leads to a virtual momentum dependent propagator
factor in the integral. Calculating this integral is more difficult and such diagrams are
referred to as “box diagrams”. The diagram’s integral takes the form
Jµ(a) = 2iµ
2g3sT
a
∫
ddkv
(2pi)d
(6 p− 6 kv− 6 kr)γµ(6 p− 6 kv) 6 n
k2v(p− kv − kr)2(p− kv)22n · kv
u(p). (2.24)
The first step as for diagram (b) is to introduce Feynman parameters to write the
integral in the form of
Jµ(a) = 2iµ
2g3sT
a
∫
ddkv
(2pi)d
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dzΓ(4)z(1− z)N µD−4, (2.25)
where we have defined:
D = z
[
xk2v + (1− x)2n · kv
]
+ (1− z) [y(p− kv − kr)2 + (1− y)(p− kv)2] ,
N µ = (6 p− 6 kv− 6 kr)γµ( 6 p− 6 kv) 6 nu(p). (2.26)
The next step is to complete the square in the denominator
D
[zx+ (1− z)] =k
′
v
2 −M2, (2.27)
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where we have defined:
kv
′ = kv +
(1− z)y
[zx+ (1− z)](kr) +
(1− z)
[zx+ (1− z)](−p) +
z(1− x)
[zx+ (1− z)]n
M2 =
[−zx(1− z)y(−2p · kr) + (1− z)z(1− x)y(2n · kr) + (1− z)z(1− x)(−2p · n)]
[zx+ (1− z)]2 .
(2.28)
Inserting the shifted momentum parameter into the numerator one obtains:
N µ = {(zx 6 p+ [(1− z)(1− y) + zx](− 6 kr) + z(1− x) 6 n) γµ (zx 6 p+ (1− z)y(6 kr))
+/kvγ
µ/kv} 6 nu(p) [zx+ (1− z)]−2 ,
=
{
(zx)2 6 pγµ 6 p+ zx(1− z)y [2pµ 6 kr − 2p · krγµ + (2krµ − /krγµ) 6 p] +
+ zx [−zx− (1− z)(1− y)] 6 krγµ 6 p+
+ z(1− x)zx 6 nγµ 6 p+ z(1− x)(1− z)y 6 nγµ 6 kr+
+ [zx+ (1− z)]2 /kvγµ/kv
} 6 nu(p),
=N µ + [zx+ (1− z)]2 /kvγµ/kv 6 nu(p), (2.29)
where terms linear in the shifted momentum and those proportional to /n2 have been
discarded, along the term quadratic in kr since it will not contribute at NLP order.
We can compute the integral proportional to the non-quadratic term N µ first:
Jµ(a)
∣∣∣
non−quad
=
2µ2g3sΓ(2 + )
(4pi)2−
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dzz(1− z)[zx+ (1− z)]−6N µ[M2]−2−.
(2.30)
Each term corresponds to a separate integration to be performed. Rather than compute
each term individually it would be more ideal to come up with a general integral that
we can compute, from which the solution for each term can be obtained. We name
such an integral a master integral, and define for our present purposes
I(a)(na, nb, nc, nd) =
Γ(2 + )
(4pi)2−
∫ 1
0
dx
∫ 1
0
dyxna(1− x)nbynd(1− y)nc
× [(1− x)(−2p · n) + (1− x)y(2n · kr)− xy(−2p · kr)]−2−
×
∫ 1
0
dz(1− z)−1−+nc+ndz−1−+na+nb [1− z(1− x)]2−2 , (2.31)
where na,nb,nc and nd correspond to the Feynman parameter combinations of zx,z(1−
x),(1− y)(1− z) and y(1− z) respectively. The full result for the amplitude in terms
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of the master integral is
Jµ(a)
∣∣∣
non−quad
= 2µ2g3sT
a [2pµ2p · nIa(2, 0, 0, 0)
+ (2pµ /kr/n− 2p · krγµ/n+ 2kµr 2p · n) Ia(1, 0, 0, 1)−
− /krγµ2p · n(Ia(2, 0, 0, 0) + Ia(1, 0, 1, 0) + Ia(1, 0, 0, 1))
− /krγµ /kr/n(Ia(0, 0, 1, 1) + Ia(1, 0, 0, 1))
+ (2nµ − γµ/n)2p · nIa(1, 1, 0, 0)
+(2nµ /kr/n− 2n · krγµ/n)Ia(0, 1, 0, 1)]u(p), (2.32)
where anti-commutation of Dirac matrices has been used on the numerator factors.
After performing the integrations over the z parameter, the master integral becomes
I(a)(na, nb, nc, nd) =
Γ(2 + )
(4pi)2−
Γ(−+ na + nb)Γ(−+ nc + nd)
Γ(2− 2)
×
∫ 1
0
dx(1− x)nbx−nb
∫ 1
0
dyynd(1− y)nc
× [(1− x)(−2p · n) + (1− x)y(2n · kr)− xy(−2p · kr)]−2− .
(2.33)
Next perform the x integration:
I(a)(na, nb, nc, nd) =(2p · kr)nb−1−Γ(1 + − nb)
(4pi)2−
Γ(−+ na + nb)Γ(−+ nc + nd)
Γ(2− 2)
×
∫ 1
0
dyynd+nb−1−(1− y)nc(−2p · n+ 2n · kry)−1−nb . (2.34)
Finally the y integral can be recognised as a hypergeometric function
I(a)(na, nb, nc, nd) =(2p · kr)nb−1−(−2p · n)−1−nb Γ(1 + − nb)
(4pi)2−
Γ(1 + nc)
Γ(2− 2)
× Γ(−+ na + nb)Γ(−+ nc + nd)Γ(nd + nb − )
Γ(nd + nb − + 1 + nc)
× 2F1
(
nd + nb − , 1 + nb, nd + nb − + 1 + nc, 2n · kr
2p · n
)
. (2.35)
Next to compute is the term that has the numerator factor quadratic in kv. We can
use ∫
ddkv
kµvk
ν
v
(k2v −M2)4
=
ηµν
6
∫
ddkv
1
(k2v −M2)3
, (2.36)
the derivation of which can be found in appendix A.2.4, to write the term in a form
that is more familiar to compute. Using this the momentum integral can be performed
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and the amplitude contribution is:
Jµ(a)
∣∣∣
quad
=− µ
2g3sT
aΓ(1 + )
(4pi)2−
(2)γµ/nu(p)
×
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz(1− z)z[zx+ (1− z)]−4[M2]−1−,
=− µ
2g3sT
aΓ(1 + )
(4pi)2−
(2)γµ/nu(p)
×
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz[(1− z)z]−[zx+ (1− z)]2−2
× [−xy(−2p · kr) + (1− x)y(2n · kr) + (1− x)(−2p · n)]−1−. (2.37)
Following the integration steps for the master integral the result for this term is
Jµ(a)
∣∣∣
quad.
=− µ
2g3sT
aΓ(1 + )
(4pi)2−
(2)γµ/nu(p)
×
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz[(1− z)z]−[zx+ (1− z)]2−2
× [−xy(−2p · kr) + (1− x)y(2n · kr) + (1− x)(−2p · n)]−1−,
=
−2µ2g3sT aΓ(1 + )
(4pi)2−
(2p · kr)−
−2p · n γ
µ/nu(p)
× Γ(2− )Γ(1− )
Γ(2− 2) 2F1
(
1, 1− , 2− , 2n · kr
2p · n
)
. (2.38)
2.3.3 n-independent diagrams
In this sub-section the two n-independent diagrams will be computed. The expressions
we need to compute are
Jν(c) = iµ
2CFg
3
sT
a
∫
ddkv
(2pi)d
(/p− /kr)γµ(/p− /kr − /kv)γν(/p− /kv)γµu(p)
k2v(p− kr)2(p− kv − kr)2(p− kv)2
, (2.39)
and
Jν(d) = iµ
2CFg
3
sT
a
∫
ddkv
(2pi)d
(/p− /kr)γµ(/p− /kr − /kv)γµ(/p− /kr)γνu(p)
k2v(p− kr)2(p− kv − kr)2(p− kr)2
. (2.40)
The integrals one needs to compute are therefore
I(d) =
∫
ddkv
(2pi)d
(/p− /kr − /kv)
k2v(p− kv − kr)2
,
I(c) =
∫
ddkv
(2pi)d
(/p− /kr − /kv)γν(/p− /kv)
k2v(p− kv − kr)2(p− kv)2
. (2.41)
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Firstly we shall solve the simpler integral corresponding to graph (d):
I(d) =
∫
ddkv
(2pi)d
(/p− /kr − /kv)
k2v(p− kv − kr)2
,
=
∫ 1
0
dx
∫
ddk′v
(2pi)d
(1− x)(/p− /kr)[k′v2 − (1− x)x(2p · kr)]−2,
=
iΓ(2− d/2)
(4pi)d/2
∫ 1
0
dx(1− x)(/p− /kr)[x(1− x)(2p · kr)]d/2−2,
=
iΓ()
(4pi)2−
(2p · kr)−(/p− /kr)
[
Γ(1− )Γ(2− )
Γ(3− 2)
]
. (2.42)
The numerator for diagram (d) is:
N(d) =(/p− /kr)γµ(/p− /kr)γµ(/p− /kr)γνu(p),
=(2− d)(/p− /kr)(/p− /kr)(/p− /kr)γνu(p),
=(2− d)( /kr/p /kr − /p /kr/p)γνu(p),
=(−2 + 2)(2p · kr /krγν − 2pν2p · kr)u(p).
(2.43)
This gives the contribution from graph (d) of
Jν(d) =(2− 2)2µ2CFg3sT a
Γ()
(4pi)2−
(2p · kr)−1−( /krγν − 2pν)u(p)
[
Γ(2− )Γ(1− )
Γ(3− 2)
]
.
(2.44)
We will now compute graph (c) where the real emission occurs from within the virtual
emission loop. Firstly consider the scalar integral
Is =
∫
ddkv
(2pi)d
1
k2v(p− kv − kr)2(p− kv)2
. (2.45)
Introducing Feynman parameters the integral can be written in the form
Is =
∫
ddkv
(2pi)d
∫ 1
0
dx
∫ 1
0
dy2(1− y)
× [k2v − (1− y)2p · kv + (1− y)x2kv · kr − (1− y)x2p · kr]−3 . (2.46)
Next shift the loop momentum
k′v = kv − (1− y)p+ (1− y)xkr. (2.47)
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Performing the integration over the loop momentum we have
Is =
−iΓ(1 + )
(4pi)2−
∫ 1
0
dx
∫ 1
0
dy(1− y)−y−1−x−1−(2p · kr)−1−. (2.48)
We can use this integral form in what follows. The next thing to consider is the
numerator algebra. Firstly we can insert the shifted momentum variable. Neglecting
terms linear in k′v, the numerator becomes
N(c) =(/p− /kr)γµ
[
(y/p+ [(1− y)x− 1] /kr)γν(y/p+ (1− y)x /kr) + /k′vγν/k′v
]
γµu(p),
=N (c) + (/p− /kr)γµ/k′vγν/k′vγµu(p). (2.49)
The anti-commutation of the gamma matrices can be performed using
/aγµ/bγν/cγµ =2/a/c/bγ
ν − /aγµ/bγνγµ/c,
=2/a/c/bγν − 2/aγν/b/c + /aγµ/bγµγν/c,
=2/a/c/bγν − 2/aγν/b/c + (2− d)/a/bγν/c,
=2(2− d)cν/a/b − (2− d)/a/b/cγν + 2/a/c/bγν − 4/a/cbν + 2/a/bγν/c,
=2(4− d)cν/a/b − (4− d)/a/b/cγν − 4bν/a/c + 2/a/c/bγν .
(2.50)
We shall firstly solve for the case of the non-quadratic numerator terms in N (c). Util-
ising the Clifford algebra and /pu(p) = p2 = k2r = 0 we reduce this numerator factor
to
N (c) = 2p · kr {kνr 4(− 1)(1− y)x[(1− y)x− 1] + 2 /krγν [(− 1)y(1− y)x+ y]} .
(2.51)
Using the above ingredients we can get the integral contribution to the amplitude for
the non-quadratic term
I|(c),non−quad =
−iΓ(1 + )
(4pi)d/2
∫ 1
0
dx
∫ 1
0
dy(1− y)−y−1−x−1−(2p · kr)−
× {kνr 4(− 1)(1− y)x[(1− y)x− 1] + 2 /krγν [(− 1)y(1− y)x+ y]} ,
=− iΓ(1 + )
(4pi)2−
(2p · kr)−
{
4(− 1)kνr
[
Γ(3− )Γ(−)
Γ(3− 2)
1
2−  −
Γ(2− )Γ(−)
Γ(2− 2)
1
1− 
]
+2 /krγ
ν
[
(− 1)Γ(1− )Γ(2− )
Γ(3− 2)
1
1−  +
Γ(1− )Γ(1− )
Γ(2− 2)
1
−
]}
,
=− iΓ(1 + )
(4pi)2−
(2p · kr)−
{
2kνr
Γ(2− )Γ(−)
Γ(2− 2) +
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+2 /krγ
ν
[−Γ(2− )Γ(1− )
Γ(3− 2) +
Γ(1− )Γ(−)
Γ(2− 2)
]}
. (2.52)
The result for the non-quadratic contribution of diagram (c) is
J |(c),non−quad =− µ2CFg3sT a
Γ(1 + )
(4pi)2−
(2p · kr)−1−
{
2kνr
Γ(2− )Γ(−)
Γ(2− 2)
+2 /krγ
ν
[−Γ(2− )Γ(1− )
Γ(3− 2) +
Γ(1− )Γ(−)
Γ(2− 2)
]}
(2.53)
The quadratic term left to compute is
I|(c),quad =
∫ 1
0
dx
∫ 1
0
dy
∫
ddk′v
(2pi)d
/k
′
vγ
ν/k
′
v2(1− x)[k′v2 − x(1− x)y(2p · kr)]−3
. (2.54)
We can make use of the identity∫
ddk′v
kµv
′kνv
′
[k′v
2 −M2]3 =
ηµν
4
∫
ddkv
′ 1
[k′v
2 −M2]2 , (2.55)
so that the integral is now
I|(c),quad =
−ηαβ
2
γαγ
νγβ
∫ 1
0
dx
∫ 1
0
dy
∫ ∞
0
dν(1− x)ν exp(−iνM2)
∫
ddk′v
(2pi)d
exp(iνk′2v ),
=
iΓ()
(4pi)2−
−2 + 2
2
γν
∫ 1
0
dx
∫ 1
0
dy(1− x)[x(1− x)y(2p · kr)]−,
=
iΓ()(− 1)
(4pi)2−
γν(2p · kr)−Γ(2− )Γ(1− )
Γ(3− 2)
1
1− .
(2.56)
The quadratic contribution to the diagram is therefore
J |(c),quad =(−2 + 2)2µ2CFg3sT a
Γ()
(4pi)2−
(2p · kr)−1−(/krγν − 2pν)u(p)
Γ(2− )Γ(1− )
Γ(3− 2) .
(2.57)
This term exactly cancels the contribution we calculated earlier from graph (d) in
equation (2.44).
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2.3.4 Combined result
The combined radiative jet is obtained by summing over all four of these graphs. Firstly
we can sum together the two graphs that depend upon the jet leg. The result in the
form of the master integrals, neglecting  and kr independent pre-factors (and the factor
of µ2(4pi)Γ(1 + )), is
Jν(a)+(b)(p, n, k; ) = (2p · k2)− {[2Γb + 2(−2p · n)Ia(2, 0, 0, 0)] pν + 2Ia(1, 0, 0, 1)pν/k/n
−
[(
1 +
2n · k
2p · n
)
Γb − (2p · n) (Ia(2, 0, 0, 0) + Ia(1, 0, 1, 0) + Ia(1, 0, 0, 1))
]
/kγν
−
[
2(2p · k)
(−2p · n)Γb + (4p · n)Ia(1, 1, 0, 0)
]
nν + (4p · n)Ia(1, 0, 0, 1)kν
+
[
2p · k
−2p · nΓb + 2p · k2Ia(1, 0, 0, 1)− (2p · n)Ia(1, 1, 0, 0) + Iq
]
γν/n.
}
, (2.58)
where k = kr and Iq is the contribution from the quadratic term. Expanding the result
in both the soft momentum and regularisation parameter, one obtains
Jν(a)+(b)(p, n, k; ) =(2p · k)−
[(
2

+ 4 + 8
)(
n · k
p · k
pν
p · n −
/kγν
2p · k −
nν
p · n
)
+
+(1 + 3)
(
− 2k
ν
p · k +
γν/n
p · n −
pν/k/n
p · kp · n
)]
. (2.59)
Once combined the double pole cancels between the two n dependent graphs. As
demonstrated earlier the quadratic term of graph (c) cancelled graph (d). Therefore
the combined diagram contribution is just the expanded non-quadratic part of graph
(c)
Jν(c)+(d)(p, n, k; ) =(2p · k)−
[
1

(
/kγν
p · k +
kν
p · k
)
+
5
2
/kγν
p · k +
kν
p · k + 
(
5
/kγν
p · k + 2
kν
p · k
)]
. (2.60)
The total radiative jet contribution is therefore
Jν(p, n, k; ) =(2p · k)−
[(
2

+ 4 + 8
)(
n · k
p · k
pν
p · n −
nν
p · n
)
− (1 + 2)ikαΣ
αν
p · k +
+
(
1

− 1
2
− 3
)
kν
p · k + (1 + 3)
(
γν/n
p · n −
pν/k/n
p · kp · n
)]
. (2.61)
Now that we have computed all the necessary ingredients for computing the radiative
corrections to the amplitude using the LBKDD theorem we can apply this formalism
to Drell-Yan scattering to test if it correctly reproduces the NLP logarithms.
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p k
p− k
Q2
p
Figure 2.4: Feynman diagram for the inital part of Drell-Yan scattering where the
virtual photon will go on to decay into a lepton anti-lepton pair.
2.4 Application to Drell-Yan scattering
We shall now turn our attention to constructing the amplitude of equation (2.9) for
application to Drell-Yan scattering. The amplitude will be required in the construction
of the K-factor. The K-factor is the ratio of a higher order cross section prediction over
leading order encapturing some of the higher order effects. It is a function of the
renormalisation and factorisation scales as well as the parton distribution functions
and is useful in collider physics to add on some information from higher orders for
specified regions of phase space to leading order results. The K-factor at a fixed order
in perturbation theory is defined as
K(n)(z) =
1
σ(0)
dσ(n)(z)
dz
, (2.62)
where σ(n) is the n-loop Drell-Yan cross section and z is the dimensionless threshold
variable
z =
Q2
s
, (2.63)
representing the fraction of the total energy carried by the final state photon, where
the threshold limit is z → 1. Here we have used the center of mass energy s, and can
define the Mandelstam invariants as:
s = (p+ p)2, t = −2k · p, u = −2k · p. (2.64)
These variable definitions can be obtained from considering the Feynman diagram of
figure (2.4). Following the work of [49] we can parameterise these variables as:
t = −2s(1− y)(1− z), u = −2sy(1− z), (2.65)
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where 0 < y < 1. We can use these to write the real-virtual contribution to the NNLO
K-factor as
K(2)rv (z) =
1
16pi2
(4pi)
Γ(2− )z
(1− z)1−2
∫ 1
0
dy[y(1− y)]− [A†rvAr +A†rArv] , (2.66)
where Ar is the leading order real emission amplitude and Arv the next-to-leading
order real emission amplitude and we have set the renormalisation scale to µ2 = Q2.
The full Drell-Yan K-factor at NNLO has been calculated in [49]. For the purposes
of examining the real-virtual contributions this result was recalculated and the result
is
K(2)rv (z) =
(αs
4pi
CF
)2{32
3
[D0(z)− 1] + 16
2
[−4D1(z) + 3D0(z) + 4L(z)− 6]
+
4

[
16D2(z)− 24D1(z) + 32D0(z)− 16L2(z) + 52L(z)− 49
]
− 128
3
D3(z) + 96D2(z)− 256D1(z) + 256D0(z)
+
128
3
L3(z)− 232L2(z) + 412L(z)− 408
}
, (2.67)
where
Dn(z) =
(
logn(1− z)
(1− z)
)
+
, L(z) = log(1− z), (2.68)
and the + indicates a plus distribution see appendix A.2.5. Terms proportional to tran-
scendental constants have not been included as they will not exhibit new information
and neither have we included the Dirac delta functions due to their mixing with virtual
corrections irrelevant for our purposes.
2.5 NLP phase space corrections
From equation (2.66) we can see that there are two threshold variable dependent com-
ponents. Firstly there is the amplitude factor
P = [A†rvAr +A†rArv]
= PLP + PNLP + ..., (2.69)
where the terms in the second line represent the leading power and next-to-leading
power in the threshold expansion contributions to the amplitude respectively. The
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second component is the phase space pre-factor arising from the real gluon phase space
z(1− z)(1−2) = (1− z)(1−2) [1− (1− z) +O ((1− z)2)] . (2.70)
One can schematically write the differential cross section to NLP in (1− z) as
dσ = dΦ3,LP (PLP + PNLP ) + dΦ3,NLPPLP , (2.71)
where Φ3,LP is the 3 particle phase space at leading power. It is clear that in com-
puting the NLP contribution we need to consider the full squared amplitude (up to
next-to-leading order) contracted with the eikonal phase space, and the leading order
contribution to the squared amplitude contracted with the NLO phase space. Ap-
pendix B of [47] contains a discussion on obtaining the multi-gluon phase space at NE
order. For our purposes of one gluon emission we only need to use the two-body phase
space which can be written in differential form as
dPS(p+ p→ q + k) = 1
8pi
(4pi)
Γ(1− )s
−1+(tu−Q2s)1/2−dφ, (2.72)
where we have introduced φ via the parameterisation of the Mandelstam invariants
t =− 2k · p = −√s(
√
|~q|2 +Q2 − |~q| cosφ),
u =− 2k · p = −√s(
√
|~q|2 +Q2 + |~q| cosφ). (2.73)
2.6 Amplitude calculation
The next step is to compute all contributions to the amplitude given in equation (2.9).
It will be necessary to first expand this result as
Aµ(pj, k) =
2∑
i=1
{[
qi
(
(2pi − k)µ
2pi · k − k2 +G
νµ
i
∂
∂pνi
)
+Gνµi J
(0)
ν (pi; k)
]
A(1)(pi; pj)+
+Gνµi J
(1)
ν (pi, k)A(0)(pi; pj)
}
, (2.74)
where the superscripts (0) and (1) indicate tree level and one loop level respectively.
The tree level jet function is given in equation (2.4). The result of acting upon this
with the Gνµ tensor is
Gνµi J
(0)
ν (p, n, k) = −
ikαΣ
αµ
p · k J
(0)(p, n). (2.75)
We can again set J (0)(p, n) = 1.
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2.6.1 Dressed Amplitude contribution
The first and third terms on the right hand side of equation (2.74) we shall refer to
as the dressed non-radiative amplitude contribution. The first term in the brackets in
equation (2.74) acts to dress the non-radiative amplitude with the spin-independent
part of an external gluon emission, as can be seen by comparison with equation (2.4).
The expression for the one-loop non-radiative amplitude can be obtained from the
quark form factor at one loop (see reference [23]) and is
A(1)(z) = −αs
4pi
z
Γ2(1− )Γ(1 + )
Γ(1− 2)
(
2
2
+
3

+ 8 + 16+O(2)
)
, (2.76)
where the renormalisation scale has been fixed to µ2 = Q2 and working in the MS
scheme factors of ln(4pi) and γE have been reabsorbed into the renormalisation scale.
This term will contribute at NLP by dressing the tree-level radiative amplitude. At
leading power in the threshold expansion the squared matrix element contribution
reviewed in [47] is
|Ar,LP |2 = 16(1− )g2s
s2
ut
, (2.77)
The next-to-leading power matrix element is given by
A†r,NLPAr,LP +A†r,LPAr,NLP = 8(1− )g2s
(s
t
+
s
u
)
. (2.78)
In order to find the contribution of these terms to the K-factor of equation (2.66) they
need to be summed and then multiplied by the one-loop non-radiative amplitude of
equation (2.76). The result one obtains is
K
(2)
dB (z) =
(αs
4pi
CF
)2{32
3
[D0(z)− 1] + 16
2
[−4D1(z) + 3D0(z) + 4L(z)− 7] +
+
4

[
16D2(z)− 24D1(z) + 32D0(z)− 16L2(z) + 56L(z)− 56
]−
− 128
3
D3(z) + 96D2(z)− 256D1(z) + 256D0(z)+
+
128
3
L3(z)− 224L2(z) + 448L(z)− 512
}
. (2.79)
The dressed Born amplitude is responsible for all of the plus distribution functions in
equation (2.67). This is to be expected as the contributions from the derivative and
radiative jet functions are expected to be strictly NLP in origin.
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2.6.2 Derivative term
The next term to compute is that involving the derivative of the non-radiative ampli-
tude with respect to each of the external momenta, consider first the derivative with
respect to p
Gνµ(p, k)
∂A(1)
∂pν
=
[
− 
p · p¯
(
−pµ + p¯ · k
p · k p¯
µ
)]
A(1). (2.80)
There will be another such contribution for the term with the derivative with respect
to p¯. These terms are then contracted with the the radiative tree-level amplitude
and plugged into equation (2.66) to obtain, after phase space integration, the K-factor
contribution of
K
(2)
∂A(z) =
(αs
4pi
CF
)2{32
2
+
16

[−4L(z) + 3] + 64L2(z)− 96L(z) + 128
}
. (2.81)
2.6.3 Radiative Jet term
The final ingredient is the contribution from the term involving the one loop radiative
jet. The n-dependence in the entire amplitude should cancel out however we have made
the choice of n2 = 0 causing certain terms required to cancel n-dependent poles to be
absent.
The radiative jet function manages collinear singularities, to disentangle soft and
collinear singularities we make the choice that the four momentum nµ must be anti-
collinear to the momentum of the parton it is interacting with following the method of
regions approach of [50]. For example if we work in the frame such that the momentum
of the parton is pµi = (1, 0, 0, 1) then the vector parameterising the jet by definition must
be nµ = (1, 0, 0,−1). In the example we have considered there are only two scattering
partons. To conserve momentum this causes the nµ vector to be the momentum of the
other parton such that we can make the substitution:
n = p¯, n¯ = p. (2.82)
Performing this substitution into the previously calculated radiative jet result, equa-
tion (2.61) and contracting it with the NLO tree-level amplitude, including complex
conjugate diagrams, we can insert it into the K-factor equation (2.66) and integrate
over the phase space to obtain the collinear contribution
K
(2)
collinear(z) =
(αs
4pi
CF
)2{
−16
2
+
4

[12L(z)− 5]− 72L2(z) + 60L(z)− 24
}
. (2.83)
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2.6.4 Combined K-factor
The combination of the three components detailed above gives the total K-factor in-
cluding the constant terms obtained from the full perturbative result given in equation
(2.67):
K(2)rv (z) = K
(2)
dB (z) +K
(2)
∂A(z) +K
(2)
collinear(z). (2.84)
This result demonstrates the effectiveness of our formalism for correctly reproducing
all the abelian-like NLP logarithms.
It has therefore been demonstrated that the generalised formalism constructed
building off of the work of [37] can reproduce all of the NLP logarithms one obtains
from the full perturbative treatment of the NNLO Drell-Yan cross section for one-real
one-virtual gluon emission, where the final-state gluon is forced to be next-to-soft. This
non-trivial check of the formalism has helped to clarify the interplay of collinear effects
with those arising just from next-to-soft considerations. This generalised approach
should pave the way to develop resummation techniques to fully treat NLP threhsold
logarithms arising in g theoretical scattering cross section calculations.
Chapter 3
A regularisation prescription for
next-to-soft integrals
Virtual external emission contributions at the next-to-soft level necessitate the use of
higher order terms in the eikonal expansion. Although these contributions were not
necessary for computing in the case of chapter 2 which only required real external
emissions, they will appear in the gravity study of chapter 6. The integrals for external
emissions necessitate a novel regularisation prescription due to an unusual spurious
cancellation of poles introduced from linearising denominators of propagators. In this
chapter we shall detail this method and explain and demonstrate the matching of terms
produced in the eikonal expansion to those of the full result.
The eikonal expansion is created by Taylor expanding the Feynman rules of our
integrals in the soft momentum. By truncating the Taylor series due to soft momentum
considerations we introduce a spurious ultra-violet (UV) divergence into our result. We
know that the total amplitude must be UV finite therefore we must introduce a UV
counterterm which will cancel off the spurious divergence. This will leave the infra-red
(IR) divergent term that we derive from the full result.
Divergences throughout this thesis have been regulated through dimensional reg-
ularisation. The advantage to using dimensional regularisation over other methods is
that it is manifestly gauge and Lorentz invariant and also able to regulate both the IR
and UV singularities. Consequently we see an exact cancellation between the UV and
IR poles in loop integrations constructed from eikonalised Feynman rules without the
need for converting between regularisation methods.
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3.1 Regularisation and removal of UV divergences
When considering integrals computed in the eikonal approximation we arrive at the
result being zero. This is due to them being scaleless integrals which vanish in dimen-
sional regularisation, and the cause of this can be interpreted as an exact cancellation
between UV and IR poles. We implement UV renormalisation via the MS formalism
to cancel off the UV pole regulated with the dimensional regularisation parameter by
introducing counterterms. As will become more clear in the next-to-eikonal graphs and
beyond the use of the eikonal expansion introduces an added spurious cancellation of
UV and IR poles. One must develop a new method to remove these divergences from
the integrals that arise at higher orders in the eikonal expansion. A similar method
given the name power divergent subtraction in the work of [51] has been implemented
to remove spurious divergences in the field of nuclear physics, and we will make contact
with this in what follows. If we consider the vertex correction Feynman diagram de-
picted in figure (1.3) the loop integral with an eikonal numerator and full denominators
is
Ifull,E =
∫
ddk
(2pi)d
p · p¯
k2(p− k)2(p¯+ k)2 . (3.1)
After introducing Feynman parameters we arrive at the result
Ifull,E =
−iΓ(1 + )
(4pi)2−
p · p(−2p · p)−1−
×
∫ 1
0
dx
∫ 1
0
dy(1− y)x−1−(1− x)−1−(1− y)−2−2. (3.2)
Recognising the integrals as beta functions one obtains
Ifull,E =
iΓ(1 + )
2(4pi)2−
(−2p · p)− Γ
2(−)
Γ(−2)
Γ(−2)
Γ(1− 2) . (3.3)
The leading order in  contribution is
Ifull,E =
iΓ(1 + )
2(4pi)2−
(−2p · p)− 1
2
. (3.4)
Now if we implement the eikonal approximation in equation (3.1) we expect to repro-
duce this leading order in  result. The integral of equation (3.1) to leading order in
the eikonal expansion is
IE =
∫
ddk
(2pi)d
p · p¯
k2(−2p · k)(2p¯ · k) . (3.5)
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As before we introduce Feynman parameters to compute the integration over the mo-
mentum parameter to obtain the result:
IE =
−iΓ(1 + )
(4pi)2−
p · p(−2p · p)−1−
×
∫ 1
0
dx
∫ 1
0
dy(1− y)−2−1y2−1x−−1(1− x)−−1,
=
−iΓ(1 + )
(4pi)2−
p · p(−2p · p)−1−Γ(−2)Γ(2)Γ
2(−)
Γ(0)Γ(−2) (3.6)
This result appears to be zero as made manifest in the division by Γ(0) = ∞. The
reason for this is the spurious cancellation of the UV and IR poles introduced through
performing the eikonal expansion and keeping the leading order result. As mentioned
it is our aim to remove this spurious UV divergence to leave the IR divergent result we
expect from the full integral.
3.1.1 Interpreting the UV and IR pole
In order to understand where in the integration the cancellation occurs it is useful to
assess the initial linearised integral after Feynman parameters have been introduced,
but before the momentum integration has been performed. The denominator is of the
form of ∫ 1
0
dx
∫ 1
0
dy
[
yk2 + (1− y)k · a(x, p, p¯)]−3 , (3.7)
The Feynman parameter y here is the final one introduced into the calculation. The first
parameter is managing the two terms linear in k, whereas the y parameter separates the
terms that are squared and linear in the loop momentum. Consider d = 4 and examine
the integrand as it approaches the limits of the y integration; as y → 0 the denominator
becomes of O(k−3), so that after the loop momentum integration is performed it will
be O(k), and thus divergent for k →∞ . We can therefore interpret this as being the
source of the UV divergence. Conversely as y → 1 the integrand is of O(k−2) after the
loop momentum integration and is divergent for k → 0. We can therefore recognise
the y → 0 limit as isolating the UV divergent part.
The division by ∞ in the eikonal integral of equation (3.6) arises from the inte-
gration over the y Feynman parameter as expected from the above discussion. It is
therefore possible to make the cancellation manifest as being between two terms by
multiplying the integrand by 1 = y + (1− y). The integral to be performed is now
56 Chapter 3. A regularisation prescription for next-to-soft integrals
IE =
−iΓ(1 + )
(4pi)2−
p · p(−2p · p)−1−
×
∫ 1
0
dx
∫ 1
0
dy(1− y)−2−1y2−1x−−1(1− x)−−1(y + (1− y)). (3.8)
Giving the result in terms of Euler-Gamma functions
IE =
iΓ(1 + )
2(4pi)2−
(−2p · p)− Γ
2(−)
Γ(−2) [Γ(1− 2)Γ(2) + Γ(−2)Γ(1 + 2)]. (3.9)
The two terms differ by a minus sign at leading order as → 0, and to correctly isolate
the IR pole one must consider the previous analysis. We indicated that as y → 1 the
integrand would be IR divergent, in this limit the term multiplied by (1− y) would be
discarded leaving us with the IR limit contribution of
IE =
iΓ(1 + )
2(4pi)2−
(−2p · p)− Γ
2(−)
Γ(−2)Γ(1 + 2)Γ(−2). (3.10)
The leading order in  contribution is
IE =
iΓ(1 + )
2(4pi)2−
(−2p · p)− 1
2
. (3.11)
This matches the leading order contribution obtained from the full denominator ap-
proach in equation (3.4). As has been demonstrated this method works for extracting
the poles from eikonal integrals and has been used for decades (see e.g. [52]). This
argument works for the eikonal case but for the coming next-to-eikonal and higher
order integrals a more rigorous method is necessary. For this we return to the previous
integral of equation (3.9) defined in the form of
IE =
iΓ(1 + )
2(4pi)2−
(−2p · p)− Γ
2(−)
Γ(−2) [Γ(1− 2)Γ(2) + Γ(−2)Γ(1 + 2)],
= I˜E[Γ(1− 2)Γ(2) + Γ(−2)Γ(1 + 2)] (3.12)
We wish to subtract off the UV divergence so we isolate the UV divergent term, calcu-
late the residue of the divergent integral at → 0 and subtract it from the main result
using
Γ(1− 2)Γ(2) + Γ(−2)Γ(1 + 2)− 1
()
Res(Γ(1− 2)Γ(2),  = 0) = 1−2, (3.13)
which can be read as the UV pole being subtracted from the full result. Reinserting
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this into the integral we have
IE|IR =
iΓ(1 + )
2(4pi)2−
(−2p · p)− Γ
2(−)
Γ(−2)
1
−2,
=
iΓ(1 + )
2(4pi)2−
(−2p · p)− Γ
2(−)
Γ(−2)
Γ(−2)
Γ(1− 2) (3.14)
We see that this reproduces the double pole of equation (3.1) where the denominators
aren’t linearised.
3.2 Next-to-Eikonal behaviour
We can now consider how to extend this analysis for tackling next-to-eikonal integrals.
Firstly let’s consider the result for the integral with a next-to-eikonal numerator but
with full denominators
Iµfull,NE =
∫
ddk
(2pi)d
kµ
k2(p− k)2(p¯+ k)2 . (3.15)
After introducing Feynman parameters and performing the momentum integration we
arrive at the integral to be computed of
Iµfull,NE =
−iΓ(1 + )
(4pi)2−
(−2p · p)−1−
×
∫ 1
0
dx [(1− x)p¯µ − xpµ]x−−1(1− x)−−1
∫ 1
0
dy(1− y)−2,
=I˜µNE
∫ 1
0
dy(1− y)−2,
=I˜µNE
1
1− 2. (3.16)
In terms of Euler-Gamma functions the full result is
Iµfull,NE =
−iΓ(1 + )
(4pi)2−
(−2p · p)−1− [p¯µ − pµ] Γ(−)Γ(1− )
Γ(1− 2)
Γ(1− 2)
Γ(2− 2) . (3.17)
The leading order in  result is
Iµfull,NE =
iΓ(1 + )
(4pi)2−
(−2p · p)−1− [p¯µ − pµ] 1

. (3.18)
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One may now compare this result to the next-to-eikonal integral where the denomina-
tors are linearised:
IµNE =
∫
ddk
(2pi)d
kµ
k2(−2p · k)(2p¯ · k)
=
−iΓ(1 + )
(4pi)2−
(−2p · p)−1−
×
∫ 1
0
dx [(1− x)p¯µ − xpµ]x−−1(1− x)−−1
∫ 1
0
dy(1− y)−2y2−2,
=
−iΓ(1 + )
(4pi)2−
(−2p · p)−1− [p¯µ − pµ] Γ(−)Γ(1− )
Γ(1− 2)
∫ 1
0
dy(1− y)−2y2−2,
=I˜µNE
∫ 1
0
dy(1− y)−2y2−2. (3.19)
We can again introduce multiplication by y+ (1− y) and write the y-integral in terms
of Euler-gamma functions
Iy,NE =
∫ 1
0
dy(1− y)−2y2−2(y + (1− y)),
= Γ(2− 2)Γ(2− 1) + Γ(1− 2)Γ(2). (3.20)
Similarly to before we subtract the residue of the UV pole. However as made manifest
in the Euler gamma functions the integral now has the exact cancellation of UV and
IR poles due to a spurious divergence at d = 3 rather than d = 4. This is due to the
NE Feynman rule keeping an extra factor of k in the integrand. Therefore we perform
the previous analysis but instead subtract the pole at  = 1/2:
Iy,NE|IR = Iy,NE −
1
− 1/2Res (Γ(2− 2)Γ(2− 1),  = 1/2) ,
= Iy,NE − 1
2− 1 ,
=
1
1− 2. (3.21)
The NE result is now
IµNE|IR = I˜µNE Iy,NE|IR ,
=
−iΓ(1 + )
(4pi)2−
(−2p · p)−1− [p¯µ − pµ] Γ(−)Γ(1− )
Γ(1− 2)
1
1− 2,
= Iµfull,NE. (3.22)
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3.3 Denominator corrections
The previous example demonstrated how one tackles the numerator corrections to the
eikonal expansion that arise at NE order. There are also terms to consider that will
arise from expansion of the denominators to higher orders in their Taylor expansions
from equation (1.4). It is clear that the leading order result reproduces the familiar
eikonal linearised term. It can also be seen that when one is trying to obtain the
full contribution at NLE order for any diagram divergent integral contributions arise
from combining numerator factors of O(km) with the (L − m)’th term in the series
expansion of the denominator. The terms arising from the denominator corrections
will have integrals of the form
ID =
∫
ddk
(2pi)d
1
(k2 + iε)(2p · k + iε)
(−k2)n
(−2p · k + iε)n+1 . (3.23)
The terms can be grouped using Feynman parameters as usual
ID =
∫ 1
0
dy
∫ 1
0
dx
∫
ddk
(2pi)d
(n+ 1)(n+ 2)(1− y)n+1(1− x)n(−k2)n
× [(yk2 + (1− y)x2p · k + (1− y)(1− x)(−2p · k) + iε)]−n−3. (3.24)
For the sake of clarity here on we shall discard the Feynman iε term. We can perform
a change of variable of the form
µ =
y
(1− y) ,
dµ =dy
1
(1− y)2 , (3.25)
such that the integral is now in the form
ID =
∫ ∞
0
dµ
∫ 1
0
dx
∫
ddk
(2pi)d
(n+ 1)(n+ 2)(1− x)n(−k2)n
(µk2 + x2p · k + (1− x)(−2p · k))n+3 . (3.26)
To make the integration over the loop momentum simpler it is possible to recognise that
differentiating the denominator with respect to the parameter µ will extract factors of
k2 giving us the relation of
(k2)n
[
µk2 + ...
]m−n
= (−1)n Γ(−m)
Γ(n−m)
∂n
∂µn
[
µk2 + ...
]m
, (3.27)
where the ellipsis denotes µ independent terms. Using this we can write the integral
in the form
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ID =
∫ ∞
0
dµ
∫ 1
0
dx
∫
ddk
(2pi)d
2
Γ(n+ 1)
(1− x)n
× ∂
n
∂µn
[
µk2 + x2p · k + (1− x)(−2p · k)]−3 . (3.28)
We can now complete the square in the integral and perform the integration over the
loop momentum
ID =
iΓ(3− d/2)
(4pi)d/2Γ(n+ 1)
×
∫ 1
0
dx(1− x)n
∫ ∞
0
dµ
∂n
∂µn
µ−3
(
x(1− x)
µ2
(−2p · p)
)d/2−3
. (3.29)
Performing the x integration and the differentiation with respect to µ we obtain
ID =
iΓ(3− d/2)
(4pi)d/2Γ(n+ 1)
(−2p · p)d/2−3 Γ(d/2− 2)Γ(d/2− 2 + n)
Γ(d− 4 + n) Iµ. (3.30)
Once again we must remove the spurious UV divergence at d = 4 − n from the µ
integral
Iµ =
Γ(4− d)
Γ(4− d− n)
∫ ∞
0
dµµ3−d−n. (3.31)
For the sake of investigating the pole cancellation it is useful to convert the µ parameter
back to being in terms of y
Iµ =
Γ(4− d)
Γ(4− d− n)
∫ 1
0
dyy3−d−n(1− y)d+n−5. (3.32)
Next multiply by y+(1−y) and write the integral in the form of Euler-gamma functions
Iµ =
Γ(4− d)
Γ(4− d− n) [Γ(5− d− n)Γ(d+ n− 4) + Γ(4− d− n)Γ(d+ n− 3)] . (3.33)
Once again we subtract the spurious UV pole that now arises at d = 4− n
Iµ,UV free =
Γ(4− d)
Γ(4− d− n) [Γ(5− d− n)Γ(d+ n− 4) + Γ(4− d− n)Γ(d+ n− 3)]−
− 1
d− 4 + nRes
(
Γ(4− d)
Γ(4− d− n)Γ(4− d− n)Γ(d+ n− 3), d = 4− n
)
,
= 0. (3.34)
Therefore it can be seen that the denominator corrections are exactly zero as we expect
from the numerator corrections reproducing the leading order in  full next-to-soft
result. This method has utilised Feynman parameters and dimensional regularisation
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to remove spuriously introduced power like divergences from integrals. After developing
this method the work of [51] was made aware to me which uses a similar prescription
(minimal subtraction of poles in (d = 3)) in effective field theories for use in nuclear
physics. The formulation developed here is more suited to tackling integrals that arise
in studies of next-to-soft radiation in scattering amplitudes for soft virtual corrections.
It is a useful result drawing together the necessary considerations needed to isolate the
UV pole. I have also proven here the interesting and useful result that corrections to the
denominators in the eikonal expansion do not contribute at any sub-leading order in the
soft expansion. This means that linearising denominators as in the eikonal Feynman
rules is sufficient for capturing all order in soft expansion effects. Therefore additional
Feynman diagrams built from insertions of the expanded denominator contributions at
order NnE can be discarded reducing necessary work for future studies.
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Chapter 4
Path integral approach to (next-to)
soft physics
So far we have worked in the field of QCD but the general prescription for dealing with
next-to-soft contributions will be applicable to any theory exhibiting factorisation. The
theory that we shall be interested in for the final section of this thesis will be the high
energy regime of quantum gravity (QG). The eikonal limit of QCD is well studied for
its use in phenomenology and consequently there exist many tools and techniques to
examine it. As will be demonstrated there are many calculational similarities between
QCD and QG scattering amplitude calculations. This similarity is due to a correspon-
dence between their charges, color and kinematics respectively that becomes clearly
manifest when one calculates amplitudes using the same techniques. A recent example
of this is the double copy [53, 54] relating amplitudes in gauge theories and gravity
once an initial symmetry known as BCJ duality [55] has been made manifest in the
gauge theory. Recently there has been a flurry of interest into next-to-soft effects in
quantum gravity when considering real soft graviton emissions from scattering ampli-
tudes, detailed in the works of [56–77]. It should be the case that my work towards
formulating a full next-to-soft treatment of amplitudes in quantum gravity will provide
a testing ground for these next-to-soft results.
In this thesis we have investigated soft radiative corrections to gauge theory ampli-
tudes, and their next-to-soft extensions. Contributions to amplitudes in the soft limit
are IR divergent. One of the most difficult problems facing a quantisation of general
relativity is that it is not UV renormalisable in four dimensions. When we examine
quantum gravity in the eikonal (IR) limit the lack of UV renormalisability will not ef-
fect the infra-red singular parts of the amplitude that we will be investigating through
use of the soft limit techniques.
Fully generalised next-to-soft treatments for quantum gravity have not yet been
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performed in such a clearly formulated and general way as the approach we have out-
lined for gauge theories in the previous chapters. It will be the aim of the coming
chapter to apply this formalism to quantum gravity for arbitrary masses of the scat-
tering matter particles. Quantum gravity affords a simplification over standard model
gauge field theories when one is considering the IR structure as it is free of collinear
singularities [78]. In terms of the generalised LBKDD theorem of equation (2.9) this
allows us to neglect the radiative jet contribution.
4.1 Quantised General Relativity
We shall be using quantised general relativity and for comparison to other works su-
persymmetric extensions of this theory. It shall therefore be instructive to outline
the fundamentals of general relativity starting from the Einstein-Hilbert action and
then showing it in its quantised form. The Einstein-Hilbert action describing classical
general relativity in d dimensions is:
Sgrav = κ
∫ √
gRddx, (4.1)
where κ = 1
16piG
, R is the Ricci scalar and g is the determinant of the metric tensor.
This action will describe the curvature of space time. One must introduce matter
particles into our theory by the addition of their Lagrangians to induce curvature. The
combined action will take the form:
Sgrav =
∫
(κR + LM)√gddx. (4.2)
From equation (4.2) one can derive the classical Einstein field equations describing the
propagation of matter through curved space-time and how matter causes curvature in
space-time. The simplest matter Lagrangian one can use and that will be useful for
this example is that of a scalar field:
LM = −gµν∂µφ∗∂νφ−m2 |φ|2 . (4.3)
In order to quantise the theory we expand the metric about a Minkowski background
gµν = ηµν + κhµν . (4.4)
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The introduced perturbed metric field hµν will be our gauge field that we recognise as
the “graviton”.
(4.5)
4.2 Path Integral Method
So far we have looked at the linearised forms of the momentum space Feynman rules
applicable in the Eikonal limit working in momentum space. We can also consider
things in position space. In the eikonal limit the hard emitting particle follows a
straight line trajectory. We can replace the QCD scattering process involving soft
emission with a first-quantised path integral over this classical trajectory. In position
space it is intuitive to think of the emission occurring at any point along the classical
trajectory, and the sum over all possible points of this emission is described by the path
integral. When we go on to consider the next-to-eikonal radiation emission processes i.e.
emissions with non-zero momentum we will have to consider small perturbations from
this classical trajectory. The sum over all possible small perturbations to the classical
trajectory that will occur will naturally be treated as a Feynman path integral. We can
therefore expand about the classical trajectory to get all next-to-eikonal results and
sum over all possible insertions to obtain the full next-to-eikonal result using a path
integral formulation. In the next section it shall be demonstrated how to associate
the propagator for an external particle with a first quantised path integral in quantum
mechanics following the work of [34] which was built upon the works of [79–81]. We
shall also outline how to treat all the soft and next-to-soft gluon physics in the language
of path integrals.
4.2.1 Scalar propagator as a Path Integral
As a simple first example it shall be shown how to reproduce the quantum field theory
propagator for a free scalar particle between spacetime points x and y. The propagator
is given by the Green’s function of the Klein-Gordon equation
i(S − i)∆F (x, y) = δ(d)(x, y),
S = (−x +m2). (4.6)
We can schematically write the solution to this as
∆F (x, y) = [i(S(x, y)− i)]−1,
=
1
2
∫ ∞
0
dTe−i
1
2
(S−i)T , (4.7)
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where we have introduced a Schwinger parameter in the second line. We can then
write this integrand as a single function U(T ) = e−i
1
2
ST , which can be promoted to
an operator acting on states in a Hilbert space. This operator is recognisable as an
evolution operator; it is both unitary and satisfies the Schro¨dinger equation
i
d
dT
U(T ) = HˆU(T ), (4.8)
where we can recognise Hˆ = 1
2
S as the Hamiltonian of this system.
We wish to use this evolution equation to calculate the expectation value for this
system between a state of known position at t = 0 and a state of known momentum at
t = T . This mixed position-momentum space description will be useful in the Wilson
line approach used in the thesis. We introduce states into our Hilbert space on which
the Hamiltonian acts and rewrite the Hamiltonian as
Hˆ(xˆ, pˆ) =
∞∑
n=0
pˆµ1 ...pˆµnH
µ1...µn
ν1...νn
xˆν1 ...xˆνn , (4.9)
where xˆ and pˆ are operators acting on the Hilbert space and this has been written in
Weyl ordered form. We can now compute expectation values of the evolution operator.
Let us consider this for an infinitesimal time separation ∆t:
〈p|e−iHˆ∆t|x〉 = e−iH(p,x)∆t+O[(∆t)2]〈p|x〉, (4.10)
whereH is the c-number obtained by acting with the position and momentum operators
on the Hilbert space states. We can use this result to consider the evolution for a non
infinitesimal time period T . The time T can be split into N intervals of width ∆t, and
a complete set of position and momentum states can then be inserted at each slice
∫
dx1...dxN
∫
dp0...dpN−1 exp
[
−i
N−1∑
k=0
H(pk, xk)∆t
]
N∏
k=0
〈pk|xk〉
N−1∏
k=0
〈xk+1|pk〉. (4.11)
The basis states are normalised such that 〈x|p〉 = eixp
(2pi)d
. The continuum limit of this
expectation value is
〈pf |U(T )|xi〉 =
∫ p(T )=pf
x(0)=xi
DpDx exp
[
−ip(T )x(T ) + i
∫ T
0
dt(px˙−H(p, x))
]
. (4.12)
We have now arrived at the path integral for the system’s evolution operator between
known initial position and final momentum states. The second term in the exponent
is familiar as the term for the evolution between two known position states, and the
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first term arises due to the mixed position-momentum space description.
The momentum space Hamiltonian for the free massive scalar is given by
H(p) =
1
2
(p2 +m2). (4.13)
We can write the momentum and position paths as expansions about the classical
trajectory:
p(t) = pf + p
′(t),
x(t) = xi + pf t+ x
′(t), (4.14)
where p′(T ) = 0 and x′(0) = 0. The expectation value is now
〈pf |U(T )|xi〉 = e−ipfxi−i 12 (p2f+m2)T
∫ p(T )=0
x(0)=0
DpDx exp
[
i
∫ T
0
dt(px˙− 1
2
p2)
]
, (4.15)
where the primed notation has been dropped from the time dependent variables. The
path integral in p is a Gaussian integral and the result of performing it will leave a
Gaussian integral for x. The integration measure is defined such that the result after
integration is one. This leaves us with the expectation value for the evolution operator
as
〈pf |U(T )|xi〉 = exp
[
−ipfxi − 1
2
i(p2f +m
2)T
]
. (4.16)
As a check on equation (4.7) we can perform the integration to compute the propagator
∆F (p
2
f ) =
1
2
∫ ∞
0
dT
〈pf |U(T )|xi〉
〈pf |xi〉 =
−i
p2f +m
2 − i , (4.17)
which correctly reproduces the momentum space propagator for a free particle.
4.2.2 Gauge coupled particle
In the previous example we dealt with the free massive scalar particle. For the purposes
of studying soft radiation we must allow for interactions with a gauge field. As is nor-
mal in quantum field theory we introduce a covariant derivative to introduce coupling
between the kinematics and the gauge field, such that the Lagrangian for a charged
scalar field becomes
L = −φ∗DµDµφ+m2φ2,
Dµ = ∂µ − igAµ. (4.18)
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We know that −i∂µ = pµ which allows us to write the Lagrangian as
Lˆ = (m2 + pµpµ) + AµAµ − i(∂µAµ)− 2pµAµ, (4.19)
where we have re-ordered such that momentum operators appear to the left i.e. A ·p =
p ·A+ i(∂µAµ) and defined L = φ∗Lˆφ. We can replace the Hamiltonian of the previous
example with the one constructed from this Lagrangian, and obtain the first quantised
path integral representation for the expectation value of the evolution operator between
the known initial position and final momentum states:
〈pf |U(T )|xi〉 =
∫ p(T )=pf
x(0)=xi
DpDx exp
[
−ip(T )x(T ) + i
∫ T
0
dt
(
px˙− 1
2
(m2 + p2)−
−1
2
AµA
µ +
i
2
(∂µA
µ) + pµA
µ)
)]
. (4.20)
This is the result for a scalar. If the emitting particle were a fermion then one would
have another term dependent upon the spin and the resulting expectation value would
be
〈pf |U(T )|xi〉 =
∫ p(T )=pf
x(0)=xi
DpDx exp
[
−ip(T )x(T ) + i
∫ T
0
dt
(
px˙− 1
2
(m2 + p2)−
−1
2
AµA
µ +
i
2
(∂µA
µ) + pµA
µ)
)
+
1
2
σµνFµν
]
, (4.21)
where σµν = − i
4
[γµ, γν ] are the Lorentz group generators. The added term will lead
to seagull vertices which will not concern us for the external emission contributions of
this thesis.
4.2.3 Eikonal approximation
The Green’s function we are looking to compute is for a scattering event where there
are n external particles emitted from the hard interaction. Writing this in eikonally
factorised form we have
G(p1, ..., pn) =
∫
DAµsH(x1, ..., xn)
〈
p1|(S − iε)−1|x1
〉
...
〈
pn|(S − iε)−1|xn
〉
, (4.22)
where ε is the Feynman prescription parameter, S is defined as in equation (4.6) and
H(x1, ..., xn) is the hard function. We have also split the gauge field into hard and soft
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modes. By matching to the full Green’s function we find
H(x1, ..., xn) =
∫
DAµhDφDφ∗
1
in
δ
δJ(y1)
...
δ
δJ(yn)
〈y1|S − iε|x1〉 ... 〈yn|S − iε|xn〉
exp
{
i
∫
ddxL [φ, φ∗, Aµ] + i
∫
ddx [J(x)φ∗(x) + J(x)φ∗(x)]
}
, (4.23)
where φ is the matter field and J(x) the source terms with the associated functional
derivatives.
We see from equation (4.22) that all of the information for the soft part of the
Green’s function is obtained by integrating the external leg propagators over the soft
gauge field. Therefore our development of the propagators as first-quantised path
integrals following the classical trajectory of the hard particle in the soft limit can be
substituted in to develop the soft function. For our development of the soft function it
is therefore possible to use the paths p(t) and x(t) from (4.14), substituting these into
the integral we obtain:
〈pf |U(T )|xi〉 = exp
[
−ipfxi − i1
2
(p2f +m
2)T
]
f(T ), (4.24)
where for a scalar:
f(T ) =
∫ p(T )=0
x(0)=0
DpDx exp
[
i
∫ T
0
dt(px˙− 1
2
p2 + (pf + p) · A(xi + pf t+ x)
+
i
2
∂ · A(xi + pf t+ x)− 1
2
A2(xi + pf t+ x)
]
. (4.25)
We can now perform the path integral in the momentum by recognising it as a Gaussian
integral such that
f(T ) =
∫
x(0)=0
Dx exp
[
i
∫ T
0
dt
(
1
2
x˙2 + (pf + x˙) · A(xi + pf t+ x)
+
i
2
∂ · A(xi + pf t+ x)
)]
. (4.26)
To get scattering amplitude contributions from this Green’s function one must truncate
each external leg propagator according to the LSZ prescription, this requires multiply-
ing leg i by p2i + m
2. The external line contributions we are looking to compute are
therefore:
i(p2f +m
2)
〈
pf | − i(S − iε)−1|xi
〉
= i(p2f +m
2)
1
2
e−ipfxi
∫ ∞
0
dTe−i
1
2
(p2f+m
2−iε)Tf(T )
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= −e−ipfxi
∫ ∞
0
dT
[
d
dT
e−i
1
2(p2f+m2)T
] [
e−
1
2
εTf(T )
]
= −e−ipfxi
{
−f(0)−
∫ ∞
0
dTe−i
1
2(p2f+m2)T
[
d
dT
e−
1
2
εTf(T )
]}
= −e−ipfxi
{
−f(0)−
∫ ∞
0
dTe−i
1
2(p2f+m2)T
[
d
dT
f(T )
]}
,
(4.27)
where ε → 0 in the last line. Considering the limit in which pf approaches its mass
shell and T →∞ simplifies the result to:
i(p2f +m
2)
〈
pf | − i(S − iε)−1|xi
〉
= exp (−ipfxi) f(∞). (4.28)
The f -function of equation (4.26), in the limit T →∞ is
f(∞) =
∫
x(0)=0
Dx exp
[
i
∫ ∞
0
dt
(
1
2
x˙2 + (p+ x˙) · A(xi + pt+ x)
+
i
2
∂ · A(xi + pt+ x)
)]
, (4.29)
where p = pf has been used in the result. The soft contribution to the amplitude using
these ingredients is therefore:
S(p1, ..., pn) =
∫
DAµs e−ip1x1f1(∞)...e−ipnxnfn(∞)eiS[As]. (4.30)
To clearly isolate the eikonal contribution it is useful to introduce a softness parameter
via a rescaling of the momentum such that p → λn and take the eikonal limit to be
that for which λ→∞. In this strict eikonal limit the leading term in λ will be:
f(∞) = exp
(
i
∫ ∞
0
dtλn · A(λnt)
)
. (4.31)
Equation (4.31) can be recognised as being proportional to a Wilson line operator where
the gauge field acts as a source term for the soft radiation. This demonstrates that in
the strict eikonal recoil-less limit we can replace particles with Wilson line operators
defined along the classical trajectories of the particle, this was first shown in [27, 28].
4.2.4 Next-to-eikonal Feynman rules
Terms of next-to-eikonal order will arise by keeping next-to-leading order terms in the
λ expansion from equation (4.29). These terms can be considered as leading order
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fluctuations about the classical path as this is no longer the strictly recoilless limit.
Furthermore it is useful to rescale t→ t/λ such that equation (4.29) can be rewritten
as:
f(∞) =
∫
x(0)=0
Dx exp
[
i
∫ ∞
0
dt
(
λ
2
x˙2 + (n+ x˙) · A(xi + nt+ x)
+
i
2λ
∂ · A(xi + nt+ x)
)]
. (4.32)
The first term may appear to be at a higher soft order than the eikonal term but it
will give rise to the x propagator which will be of O(λ−1). It will be necessary to
calculate the x propagator, using integration by parts the term that’s squared in x can
be written as a quadratic differential operator:
i
2
∫ ∞
0
dtx˙2 = −1
2
∫ ∞
0
dtxµ
(
iηµν
∂2
∂t2
)
xν . (4.33)
The x propagator is the inverse function of the quadratic operator in equation (4.33)
G(t, t′) =
i
λ
min(t, t′)ηµν . (4.34)
To compute the full NE level contribution one must construct all graphs possible from
the Feynman rules in the path integral. These are generated when the integration over
the soft gauge field path integral in the soft function is performed. Necessary for this
calculation will be the correlators between combinations of x and x˙:
〈x(t)x(t′)〉 =G(t, t′) = i
λ
min(t, t′),
〈x˙(t)x(t′)〉 =∂G(t, t
′)
∂t
=
i
λ
θ(t′ − t),
〈x˙(t)x˙(t′)〉 =∂
2G(t, t′)
∂t∂t′
=
i
λ
δ(t′ − t).
(4.35)
To construct all NE Feynman rules for the vertices, one must Taylor expand the gauge
field in x and perform the path integral in x. Keeping terms that will contribute at
next-to-leading order in λ equation (4.32) is
f(∞) =
∫
x(0)=0
Dx exp
[
i
∫ ∞
0
dt
(
λ
2
x˙2 + n · A(nt) + i
2λ
∂A(nt)
+x˙ · A(nt) + (n+ x˙)ν∂αAν(nt)xα + 1
2
nν∂α∂βAν(nt)x
αxβ
)]
. (4.36)
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We also need the equal time correlator of 〈x˙(t)x(t)〉 = 0 with which we can peform the
path integral in x by summing over the possible connected diagrams
f(∞) = exp
{
i
∫ ∞
0
dt
[
n · A(nt) + i
2λ
∂A(nt) +
1
2
nν∂α∂βAν(nt)η
αβ 〈x(t)x(t)〉
+
∫ ∞
0
dt′
(〈x˙(t)x˙(t′)〉Aµ(nt)Aµ(nt′) + 〈x(t)x(t′)〉nµnν∂βAµ(nt)∂αAν(nt′)ηαβ
+ 〈x˙(t)x(t′)〉 ηµαAµ(nt)nν∂αAν(nt′))
]}
,
= exp
{
i
∫ ∞
0
dt
[
n · A(nt) + i
2λ
∂A(nt) +
it
2λ
nν∂α∂βAν(nt)η
αβ
+
i
λ
A(nt) · A(nt) +
∫ ∞
0
dt′
(〈x(t)x(t′)〉nµnν∂βAµ(nt)∂αAν(nt′)ηαβ
+ 〈x˙(t)x(t′)〉 ηµαAµ(nt)nν∂αAν(nt′))
]}
,
(4.37)
The two NE Feynman rules linear in the gauge field and coupling constant are associ-
ated with the single photon emission vertex that we call external emission contributions.
The additional vertex correction is a seagull vertex, involving a pair of correlated glu-
ons. Having now isolated the NE Feynman rules we can now set our book-keeping
parameter λ = 1 such that the two Feynman rules we are interested in are
NE1 =
∫ ∞
0
dt
i
2
∂ · A(pt),
NE2 =
∫ ∞
0
dt
i
2
tpν∂2Aν(pt). (4.38)
The last consideration to be made is in the definition of the limits on the integration.
The formulation has been for Wilson lines going from 0 → ∞ i.e. outgoing particles
from the point of interaction. It will also be necessary to deal with incoming Wilson
lines going from −∞→ 0 however this is treated by swapping pin → −pin and keeping
the positive integration limits.
4.3 Path integral approach for gravity
Having outlined how a path integral treatment can be implemented to deal with soft and
next-to-soft effects in QCD we can develop a similar formalism for quantum gravity.
This approach has been performed previously in [82] which will be reproduced here
except with the canonical definition of the graviton of equation (4.4). From the previous
treatment we see that the same approach can be followed except with the action for
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quantum gravity in place of the one we used previously. The action we shall require is
the Einstein-Hilbert action of equation (4.2) and we shall be interested in expanding
it with respect to small κ. It will be necessary to compute the expanded form of
(
√−|g|)−1
(−|g|))−1/2 = 1 + κ
2
hαα +
κ2
2
[
(hαα)
2
(d− 2)2 −
hαβhαβ
d− 2
]
+O(κ3h3), (4.39)
the derivation of which can be found in appendix (A.1). The action for the matter
portion of the lagrangian that we shall be concerned with for soft radiation can be
written using this expanded form of the metric as:
S = −
∫
ddxφ∗Sˆφ, (4.40)
where (ignoring surface terms)
Sˆ =− ∂µ(
√−ggµν)∂ν −
√−ggµν∂µ∂ν +
√−gm2. (4.41)
We can use the fact that −ipµ = ∂µ to rewrite this as
Sˆ =i∂µ(
√−ggµν)pν +
√−ggµνpµpν +
√−gm2. (4.42)
We require the propagator between a state of known initial position and known final
state momentum, which as defined in [34] may be written as
〈pj|(Sˆ − i)−1|xj〉 =1
2
∫ ∞
0
dT
∫ p(T )=pj
x(0)=xj
DpDx exp
[
−ip(T ) · x(T )
+i
∫ T
0
dt(p · x˙− Hˆ(p, x))
]
, (4.43)
where Hˆ = 1
2
Sˆ. Substituting in equation (4.42), we can perform an expansion about
the classical trajectory to extract out the subeikonal corrections using the substitutions
of equation (4.14). The result is
〈pj|(Sˆ − i)−1|xj〉 = 1
2
∫ ∞
0
dTexp
[
−ipj · xj − i
2
(p2j +m
2)T
]
f(T ), (4.44)
where we have defined
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f(T ) =
∫ p(T )=0
x(0)=0
DpDx exp
{
i
∫ T
0
dt
[
p · x˙− i
2
∂µ(
√−ggµν)(pjν + pν)
− 1
2
√−ggµν(pjµ + pµ)(pjν + pν)− m
2
2
(
√−g − 1)
+
1
2
ηµνpjµpjν +
1
2
ηµν(pjµpν + pµpjν)
]}
. (4.45)
Expanding out the metric terms, neglecting those of order κ2 or higher we have:
f(T ) =
∫ p(T )=0
x(0)=0
DpDx exp
{
i
∫ T
0
dt
[
p · x˙− i
2
∂µ
(
κhµν +
κ
2
hααη
µν
)
(pjν + pν)
− 1
2
(ηµν + κhµν +
κ
2
hααη
µν)(pjµ + pµ)(pjν + pν)
−m
2
2
(κ
2
hαα
)
+
1
2
ηµνpjµpjν +
1
2
ηµν(pjµpν + pµpjν)
]}
.
(4.46)
This can be written in the form of a Gaussian integral over the momentum
f(T ) =
∫ p(T )=0
x(0)=0
DpDx exp
[
i
∫ T
0
dt
(
−1
2
pµA
µνpν +B
µpµ + C
)]
, (4.47)
where we have defined:
Aµν =
(
ηµν + κhµν +
κ
2
hααη
µν
)
,
Bµ = x˙µ − i
2
∂ρ
(
κhρµ +
κ
2
hααη
ρµ
)
−
(
κhµν +
κ
2
hααη
µν
)
pjν ,
C = − i
2
∂ρ
(
κhρµ +
κ
2
hααη
ρµ
)
pjν − 1
2
(
κhµν +
κ
2
hααη
µν
)
pjµpjν − m
2
2
(κ
2
hαα
)
.
(4.48)
The path integral over momentum gives
f(T ) =
∫
Dx exp
[
i
∫ T
0
dt(
1
2
Bµ(A−1)µνBν + C)
]
. (4.49)
The inverse of the quadratic term is
(A−1)µν = ηµν − κhµν − κ
2
hααηµν +O(κ2), (4.50)
and therefore the result is:
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f(T ) =
∫
Dx exp
{
i
∫ T
0
dt
[
1
2
x˙µ
((
1− κ
2
hαα
)
ηµν − κhµν
)
x˙ν
+ x˙ν
(
−i∂ρ
(
κhρν +
κ
2
hααη
ρν
)
− 2
(
κhνρ +
κ
2
hααη
νρ
))
pjρ
− 1
2
(
κhµν +
κ
2
hααη
µν
)
pjµpjν − m
2
2
(κ
2
hαα
)
− i
2
∂ρ
(
κhρµ +
κ
2
hααη
ρµ
)
pjν +O(κ2)
]}
. (4.51)
For our purposes of dealing with semi-infinite Wilson lines we can set T =∞, we also
make use of p2 = −m2, neglect terms O(xx˙) and O(x˙x˙) and Taylor expanding the
graviton tensor about the classical path pµt+ xµ where necessary:
hµν(pt+ x) = hµν(pt) + ∂σh
µν(pt)xσ +
∂σ∂τ
2
hµνxσxτ , (4.52)
the NE contribution to equation (4.51) is
f(∞) =
∫
Dx exp
{
i
∫ ∞
0
dt
[
1
2
x˙µx˙ν+
− 1
2
κpjµpjν
(
hµν + ∂σh
µνxσ +
∂σ∂τ
2
hµνxσxτ
)
+
+ x˙ν
(
−i∂ρ
(
κhρν +
κ
2
hααη
ρν
)
− 2
(
κhνρ +
κ
2
hααη
νρ
))
pjρ+
− i
2
∂ρ
(
κhρµ +
κ
2
hααη
ρµ
)
pjν−
− i
2
∂σ∂ρ
(
κhρµ +
κ
2
hααη
ρµ
)
xσpjν
+O(κ2)]} . (4.53)
Utilising the correlators as per equation (4.35),
〈
xα(t)xβ(t′)
〉
= itηαβ for t ≤ t′, the
path integral over x can be performed
f(∞) = exp
{
i
∫ ∞
0
dt
[
−1
2
κpjµpjνh
µν − iκ
4
tpjµpjν∂
2hµν
− i
2
∂(ρ
(
κhρµ +
κ
2
hααη
ρµ
)
pjµ) +O(κ2)
]}
, (4.54)
where we have used symmetrisation of ∂ρpjµ → ∂(ρpjµ)2 . This result gives the eikonal and
NE Feynman rules for gravity. To check this result to we can then Fourier transform
to momentum space using:
hµν(pt) =
∫
ddk
(2pi)d
hµν(k) exp(ik · pt). (4.55)
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This gives the momentum space Feynman rules:
f(∞) =
∫
ddk
(2pi)d
exp
{[
κ
2
pjµpjν
p · k h
µν(k)− κ
4
pjµpjνk
2
(p · k)2 h
µν(k)
−κ
2
kµpjν
p · k h
µν(k)− κ
4
ηµνh
µν
]}
. (4.56)
We can introduce the symmetrised term kµpjν → k(µpjν)2 drop the j subscript and
reverse the momentum flow k → −k
f(∞) =
∫
ddk
(2pi)d
exp
{
κ
2
[
pµpν
p · k −
1
2
pµpνk
2
(p · k)2 +
k(µpν)
2p · k −
ηµν
2
]
hµν(k)
}
. (4.57)
This result matches that calculated with diagramatic techniques in [77]. We will now go
on to use this formulation of the eikonal and next-to-eikonal Feynman rules to compute
the soft and next-to-soft behaviour of quantum gravity in position space.
4.4 Regge theory
Soft effects become dominant in certain energy regimes. One that we shall be consider-
ing is called the Regge limit where s −t m2. This name comes from Regge Theory
which predates the advent of QCD and sought to describe the strong interactions in-
dependently of any underlying field theory through considerations of the S-matrix.
For the purposes of the coming work it will be useful to know what it means for an
exchanged particle to become “Reggeized” and for this a brief introduction to Regge
theory will be useful. This introduction follows the work of [83] where a more in depth
detailing of Regge theory and its applications can be found.
The S-matrix is considered to have the properties of: Lorentz invariance, unitarity
and analytic dependence on Lorentz invariants except at poles required for unitarity.
The S-matrix in four dimensional momentum space has the form
Sab = δab + i(2pi)
4δ4(pb − pa)Tab, (4.58)
where Tab is the transition matrix. The transition matrix will be dependent upon
Lorentz invariants constructed from the four momenta of the scattering objects. For
2 → 2 scattering the possible quantities it can depend upon are the familiar Mandel-
stam invariants:
s = (p1 + p2)
2, t = (p1 − p3)2, u = (p1 − p4)2, (4.59)
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which satisfy momentum conservation:
s+ t+ u =
4∑
i=1
m2i . (4.60)
Therefore only two are linearly independent and one can say that T ≡ T (s, t). If one
implements crossing such that p2 ↔ −p3 this has the effect of interchanging t ↔ s
and changes the scattering process being considered. We call this crossed process a
t-channel process for which the scattering angle in the centre of mass frame is
cos θ ≈ 1 + 2s
t
. (4.61)
As is done in quantum mechanics one can expand this scattering amplitude using the
partial wave expansion as
Tt(t, s) =
∞∑
l=0
(2l + 1)fl(s)Pl(cos θ), (4.62)
where fl(s) is the partial amplitude which can be written in terms of spherical Hankel
functions and Pl(cos θ) are Legendre polynomials. We can now utilise crossing symme-
try to return to the original s-channel process being considered, such that the partial
wave expansion is now
T (s, t) =
∞∑
l=0
(2l + 1)fl(t)Pl
(
1 +
2s
t
)
, (4.63)
Using Cauchy’s integral theorem this can be re-written using the Sommerfeld-Watson
expansion as
T (s, t) =
1
2i
∫
C
dl
(2l + 1)
sin(pil)
f(l, t)P
(
l, 1 +
2s
t
)
, (4.64)
where the integral is over a contour in the complex plane enclosing the poles at integer
values of α and the analytic functions Pl and fl have been analytically continued. It
is necessary to consider the analytic continuations of the even and odd partial wave
amplitudes f±1(l, t) respectively and introduce a sum over them
T (s, t) =
1
2i
∫
C
dl
(2l + 1)
sin(pil)
∑
σ=±1
σ + e−ipil
2
fσ(l, t)P
(
l, 1 +
2s
t
)
, (4.65)
The contour integration encricling the poles along the real axis can be deformed to a
contour C ′ running parallel to the imaginary axis with an offset of −1
2
between ±i∞.
In order to do this one must encircle the poles and cuts of the function fσ(l, t) at
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l = αnσ(t) and add 2pii multiplied by the residue of the pole. The amplitude will now
be in the form
T (s, t) =
1
2i
∫ −1/2+i∞
−1/2−i∞
dl
[
(2l + 1)
sin(pil)
∑
σ=±1
σ + e−ipil
2
fσ(l, t)P
(
l, 1 +
2s
t
)]
+
∑
σ=±1
∑
nσ
σ + e−ipiαnσ (t)
2
β˜nσ(t)P
(
αnσ(t), 1 +
2s
t
)
, (4.66)
where
β˜nσ(t) =
pi(2αnσ(t) + 1)
sin(piαnσ(t))
×Res(fσ(l, t), l = αnσ(t)) (4.67)
. The asymptotic form of the Legendre polynomial is
Pl(z) ≈ zl for z  1, (4.68)
which is applicable in the Regge limit where we can take s → ∞. The result of this
limit is that the integration along the contour in equation (4.66) is zero. Through use
of the assumptotice form of the Leendre polynomial the high energy behaviour of the
scattering amplitude can be isolated. Only the contribution from the leading Regge
pole needs to be considered, that with the largest real part of αnσ(t). Therefore the
leading contribution to the scattering amplitude takes the form
T (s, t) ∝
(
s
−t
)α(t)
, (4.69)
where α(t) is the position of the leading Regge pole.
Each pole in the complex angular momentum plane is called a Regge Pole, or
Reggeon for short. The function α(t) is referred to as the Regge trajectory. This
behaviour is completely general in its derivation from considerations of the S-matrix
and should therefore be reproduced by any field theory in the Regge limit.
The Regge limit corresponds to the eikonal limit for each incoming particle as we
are considering the soft limit of t-channel exchanges where the exchanged momentum
is much less than the centre of mass energy. We shall approach scattering amplitude
calculations using the Wilson line approach adopted in QCD following the work of [84,
85]. In this work the use of Wilson line techniques to study Reggeization is demon-
strated for 2 → 2 scattering. The two particles are in the highly forward scattering
(recoilless) limit and can only affect each other by a change of phase. To preserve
the gauge-transformation properties of the scattering amplitude this phase must cor-
respond to a Wilson line operator. We can therefore model the 2 → 2 scattering as
being between two Wilson lines dressing the external legs separated by a transverse
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Figure 4.1: Schematic diagram for 2 → 2 scattering of massive bodies described by
Wilson lines separated by a two (d-2)-dimensional transverse distance z.
distance z over which t-channel exchanges can occur, as in figure (4.1). The behaviour
of the Wilson line correlator in the UV limit reproduces the IR singular behaviour of
the scattering amplitude.
4.4.1 Reggeization of particles
Many studies exist for Reggeization in perturbative quantum field theory, see references
[86–113]. In order to show the Reggeization of amplitudes in QCD it is necessary to
show that the fundamental particles themselves Reggeize. The propagator for the gluon
becomes dressed by a Regge factor and takes the form of
−ηµν
k2
→ −ηµν
k2
(
s
−t
)α˜(t)
, (4.70)
where the gluon Regge trajectory α˜(−t) is related to the Regge trajectory for the full
amplitude. The Regge trajectory is known to two loop order [107–112] for the quark
and gluon. The one loop contribution is
α˜(1)(t) =
αs(µ
2)
2pi
(
µ2
−t
)
CR

, (4.71)
where CR is the quadratic Casimir operator appropriate for the representation of the
particle. To one loop order the Regge trajectory is purely infrared singular, up to scale
logs. At two loop order added infrared finite terms appear. The pre-factor is universal
and can be written in terms of the one-loop cusp anomalous dimension (see [84, 85])
controlling the UV renormalisation of the Wilson line operators. In the study to follow
we regulate the UV divergence via the impact parameter z which will appear in the
pre-factor.
We shall be interested in examining the Reggeization behaviour of particles in
quantum gravity. The one-loop Regge trajectory for the graviton has been derived in
[L82b, 114, 115] for both Einstein-Hilbert gravity and its supersymmetric extensions.
It had been argued in [116] using the KLT relations [117] that the Reggeization of
the graviton in N = 8 supergravity consequently follows from the Reggeization of the
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gluon in N = 4 super Yang-Mills theory demonstrated in [118, 119] (see also [120,
121]). This was considered using Feynman diagrams in references [122–124] where the
structure of potential Regge cut contributions in supergravity was also considered.
4.4.2 Regge limit of Gravity
The Regge limit of gravity is gathering interest firstly for the reason that this corre-
sponds to the regime of transplanckian scattering. In this regime one can explore the
existence of a gravitational S-matrix see [125, 126]. The negative mass dimension of
the coupling constant for gravity leads to issues in the high energy limit of the theory
due to the lack of UV renormalisability. The Regge limit of gravity is dominated by
the IR divergent effects and free of the issues of UV renormalisability. We will also
demonstrate that in the Regge limit the number of copies of supersymmetry doesn’t
impact the infrared behaviour.
At high energy we will see that the leading infra-red singular behaviour comes from
a complex eikonal phase term responsible for the production of gravitational bound
states see [127] and the Reggeization term, the interplay of which left some confusion
in reference [128]. The reason becomes clear in what follows in that the Reggeization
term becomes kinematically suppressed by the exchanged momentum t. Additional
complications arise due to the presence of double logarithmic terms in s/(−t) discussed
in detail in [127].
We will also see that this limit is a regime in which there is correspondence between
gauge and gravity theories. The all order validity of BCJ duality [53–55] was examined
in the high energy limit in [129, 130]. The soft limit of quantum gravity was first
studied in [131] and more extensively studied in [78, 82, 132–136].
Chapter 5
Wilson line approach to the soft
limit of Gravity
This chapter will now investigate high energy scattering in QCD and quantum gravity
using the Wilson line picture of figure (4.1) with the aim of investigating the IR singu-
larities of the Regge trajectory. Before examining the Regge limit of quantum gravity
it is instructive to perform the calculation in QCD as it will prove very similar to the
quantum gravity calculation. As discussed we consider scattering between two Wilson
lines separated by a constant transverse distance z that follow straight line trajectories.
The appropriate scattering amplitude is
M˜ =
∫
d2z exp(−iz · p) 〈0|Φ(p1, 0)Φ(p2, z)|0〉 , (5.1)
where the tilde denotes that this is a momentum space Fourier transform of the position
space amplitude. The Wilson line operator used here is
Φ(p, z) = P exp
[
igsp
µ
∫
C
dsAµ(sp+ z)
]
. (5.2)
The path ordering symbol P is to maintain the correct ordering of the colour matrices.
zµ is the four-vector form of the separation vector related to the transverse separation
via z2 = −z2. The Wilson line follows an infinite contour along the classical trajectory
of the particle mapped out by spµ + zµ.
As mentioned in chapter (3) eikonal integrals are zero due to an exact cancellation
between UV and IR poles. The amplitude above will not exhibit the same UV, IR
cancellation as the z offset acts as a UV regulator. This becomes more intuitive when
one considers the UV behaviour of amplitudes described by Wilson lines. UV poles for
such amplitudes arise if there is a cusp present at the origin of the Wilson lines and
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Figure 5.1: Feynman diagrams arising at one-loop order for the calculation of leading
soft amplitudes in QCD.
the UV pole becomes dominant for the gluon emission being vanishingly close to this
cusp. The transverse separation removes the cusp altogether and so along with it the
UV pole.
5.1 1 loop diagrams
To calculate the amplitude we must calculate all 1 loop diagrams that are shown in
figure (5.1). It will be necessary to use the position space gluon propagator (see e.g.
[27])
Dµν(x− y) = −ηµν Γ(d/2− 1)
4pid/2
[−(x− y)2 + iε]1−d/2 . (5.3)
Firstly we shall calculate the amplitude associated with diagram (a) which is given by
M (1)a =
g2sΓ(1− )µ2
4pi2−
T1 ·T2(p1 · p2)
∫ 0
∞
ds
∫ 0
∞
dt[−(sp1 − tp2)2 + z2 + iε]−1, (5.4)
where Ti is the Catani-Seymour notation [137] for the color generator on leg i. The
cusp angle between lines i and j is defined as
cosh γi,j =
pi · pj
mimj
. (5.5)
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We can reparameterise to s = sm1 and t = tm2 and use the definition of the cusp angle
to write the diagram as
M (1)a =
g2sΓ(1− )µ2
4pi2−
T1 ·T2 cosh γ1,2
∫ ∞
0
ds
∫ ∞
0
dt[−s2− t2−2st cosh γ1,2 +z2 + iε]−1.
(5.6)
We can reparameterise again such that s →
√
z2s and t →
√
z2t to extract the factor
of z2:
M (1)a =
g2sΓ(1− )(µ2z2)
4pi2−
T1·T2 cosh γ1,2
∫ ∞
0
ds
∫ ∞
0
dt[−s2−t2−2st cosh γ1,2+1+iε]−1.
(5.7)
In order to perform the integral over s perform the reparameterisation t→ st giving
M (1)a =
g2sΓ(1− )(µ2z2)
4pi2−
T1·T2 cosh γ1,2
∫ ∞
0
ds
∫ ∞
0
dts[s2(−1−t2−2t cosh γ1,2)+1+iε]−1.
(5.8)
The integral in s can now be performed yielding
M (1)a =
g2sΓ(1− )(µ2z2)
4pi2−
T1 ·T2 cosh γ1,2
∫ ∞
0
dt
1
1 + 2 cosh γ1,2t+ t2 − iε. (5.9)
In order to solve this integral reparameterise to t = u sinh γ1,2 + cosh γ1,2 leading to
M (1)a =
g2sΓ(1− )(µ2z2)
4pi2−
T1 ·T2 coth γ1,2
∫ − coth γ1,2
∞
du
1
u2 − 1− iε. (5.10)
To get the correct factor of ipi we need to make sure to correctly implement the Feynman
iε prescription when performing the integral to obtain:
∫ ∞
σ coth γ1,2
du
1
u2 − 1− iε =
{
ipi − γ1,2 for σ=-1
γ1,2 for σ=+1
. (5.11)
Inserting this into equation (5.10) gives
M (1)a =
g2sΓ(1− )(µ2z2)
4pi2−
T1 ·T2 1
2
(ipi − γ1,2) coth γ1,2. (5.12)
Diagram (b) is similar to calculate except that the exchange is occurring between the
two outgoing legs 3 and 4. The resulting contribution is
M
(1)
b =
g2sΓ(1− )(µ2z2)
4pi2−
T3 ·T4 1
2
(ipi − γ3,4) coth γ3,4. (5.13)
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Diagrams (c) and (d) differ due to the exchange occurring between one incoming and
one outgoing leg. The effect this has is to swap the sign on the lower limit of the final
integration step. The result for diagram (c) is therefore
M (1)c =
g2sΓ(1− )(µ2z2)
4pi2−
T1 ·T4 1
2
γ1,4 coth γ1,4. (5.14)
Diagram (d) is similar to (c) except with the exchange being between legs 2 and 3:
M
(1)
d =
g2sΓ(1− )(µ2z2)
4pi2−
T2 ·T3 1
2
γ2,3 coth γ2,3. (5.15)
The two graphs (e) and (f) must be calculated differently due to the lack of z separation
between the emitting and absorbing lines. Diagram (e) is given by
M (1)e =
g2sΓ(1− )µ2
4pi2−
T1 ·T3(−p1 · p3)
∫ 0
∞
ds
∫ ∞
0
dt[−(−sp1 − tp3)2 + iε]−1. (5.16)
Performing the rescaling s→ s/m1 and t→ t/m3 the integral becomes
M (1)e =
g2sΓ(1− )µ2
4pi2−
T1 ·T3 cosh γ1,3
∫ ∞
0
ds
∫ ∞
0
dt[−s2 − t2 − 2st cosh γ1,3 + iε]−1.
(5.17)
Making the reparameterisation t→ ts gives
M (1)e =
g2sΓ(1− )µ2
4pi2−
T1 ·T3 cosh γ1,3
∫ ∞
0
dss2−1
∫ ∞
0
dt[−1− t2 − 2t cosh γ1,3 + iε]−1.
(5.18)
The integral over the s parameter is zero due to the cancellation between UV and IR
poles. This is due to the absence of z2 acting as a UV regulator. This can be approached
by extracting just the IR pole or by introducing a UV cutoff. The dimension of s after
the reparameterising is that of a length. Therefore it is possible to use
√
~z2 as a limit
of integration to regulate the result, similarly to the previously calculated diagrams
(a)→ (d). The s integral is then∫ ∞
0
dss2−1 →
∫ ∞
√
~z2
dss2−1 = − [(z)
2]

2
(5.19)
Inserting this into equation (5.18) one obtains
M (1)e =
g2sΓ(1− )(µ2z2)
4pi2−
T1 ·T3 cosh γ1,3 1
2
∫ ∞
0
dt[−1−t2−2t cosh γ1,3+iε]−1. (5.20)
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Performing the integral over t one obtains the final result for diagram (e):
M (1)e =
g2sΓ(1− )(µ2z2)
4pi2−
T1 ·T3γ1,3 coth γ1,3 1
2
+O(0). (5.21)
Diagram (f) is very similar except that the exchange is between the lines labelled 2
and 4
M
(1)
f =
g2sΓ(1− )(µ2z2)
4pi2−
T2 ·T4γ2,4 coth γ2,4 1
2
+O(0). (5.22)
Before summing over the diagrams to obtain the one-loop amplitude the Regge limit
can be employed to rewrite the cusp angles. To this end we can use
γi,j = cosh
−1
(
pi · pj
mimj
)
→ log
(
2pi · pj
mimj
)
, (5.23)
valid in the Regge limit of pi · pj  mimj. In this limit it is also the case that
(pi + pj)
2 ≈ 2pi · pj which yields the relations:
γ1,2, γ3,4 → log
(
s
m1m2
)
,
γ1,4, γ2,3 → log
(
− u
m1m2
)
,
γ1,3 → log
(
− t
m21
)
, γ2,4 → log
(
− t
m22
)
, (5.24)
where m1 = m3 and m2 = m4 have been used. Due to the momentum conservation
constraint the Regge limit also means that s ≈ −u such that γ1,2, γ3,4 ≈ γ1,4, γ2,3,
and due to the choice of scale orderings we can also make the simplification that
coth γi,j → 1. The sum of diagrams in the Regge limit is now
∑
i
M
(1)
i =
g2sΓ(1− )
4pi2−
(µ2z2)
2
{ipi [T1 ·T2 + T3 ·T4]
+ log
(
s
m1m2
)
[−T1 ·T2 −T3 ·T4 + T1 ·T4 + T2 ·T3]
+ log
(
− t
m21
)
T1 ·T3 + log
(
− t
m22
)
T2 ·T4
}
+O(0). (5.25)
It is useful to introduce color operators to simplify these expressions:
T2s = (T1 + T2)
2, T2t = (T1 −T3)2. (5.26)
The eigenstates of these operators relate to pure s and t channel exchanges respectively
and the eigenvalues are the quadratic Casimir operators for the representation the
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particle being exchanged is in. Using color conservation T1 + T2 = T3 + T4 we can
write:
T1 ·T2 + T3 ·T4 = 1
2
[
(T1 + T2)
2 + (T3 + T4)
2 −
4∑
i=1
Ci
]
= T2s −
1
2
4∑
i=1
Ci,
−T1 ·T2 −T3 ·T4 + T1 ·T4 + T2 ·T3 = (T1 −T3) · (T4 −T2) = T2t ,
T1 ·T3 + T2 ·T4 = −1
2
[
(T1 −T3)2 + (T2 −T4)2 −
4∑
i=1
Ci
]
= −T2t +
1
2
4∑
i=1
Ci,
(5.27)
where Ci is the representation-dependent quadratic Casimir operator. This simplifies
the expression of the one-loop amplitude to be
∑
i
M
(1)
i =
g2sΓ(1− )
4pi2−
(µ2z2)
2
[
ipi
(
T2s −
1
2
4∑
i=1
Ci
)
+ log
(
s
m1m2
)
T2t+
+
1
2
log
(
− t
m21
)(
T2t − 2C21
)
+
1
2
log
(
− t
m22
)(
T2t − 2C22
)]
+O(0),
(5.28)
where we have used C1 = C3 and C2 = C4. This result can be simplified further to
∑
i
M
(1)
i =
g2sΓ(1− )
4pi2−
(µ2z2)
2
[
ipiT2s + log
(
−s
t
)
T2t − ipi
1
2
4∑
i=1
Ci
+ log
(
− t
m21
)
C21 + log
(
− t
m22
)
C22
]
+O(0). (5.29)
The calculation of diagrams (e) and (f) gave a − log ( −t
m2
)
T2t term. Choosing the
UV cut-off to be z2 enabled the summation with the term log
(
s
m2
)
T2t arising from
diagrams (a)→ (d) giving log ( s−t)T2t in the total. This choice is useful for comparison
to literature considering the massless limit, as we have cancelled the mass dependence
from the terms that are not proportional to color diagonal factors.
It is well known that expectation values of Wilson lines exponentiate (see [36] for
a review). We can use this knowledge to immediately resum the amplitude by writing
AE = exp
{
g2sΓ(1− )
4pi2−
(µ2z2)
2
[
ipiT2s + log
(
−s
t
)
T2t − ipi
1
2
4∑
i=1
Ci
+ log
(
− t
m21
)
C21 + log
(
− t
m22
)
C22
]}
. (5.30)
From the definition of the Regge limit, the term proportional to log
(
s
−t
)
will dominate
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such that the above combination becomes(
s
−t
)KT2t
, (5.31)
where we have defined
K =
g2sΓ(1− )
4pi2−
(µ2z2)
2
. (5.32)
In the Regge limit we are dealing with a Born interaction dominated by the t-channel
exchange and this operator acts to Reggeize the exchanged particle. The resulting
amplitude factor is then (
s
−t
)J+KCR
, (5.33)
where CR is the quadratic Casimir for the representation of the exchanged particle and
J is the spin of the particle from the Born amplitude.
In some cases the Reggeization term vanishes, and the complex eikonal phase term
dominates. One such example is QED. If we consider an electron scattering mediated
by a photon exchange in the t-channel its squared charge is zero and therefore CR = 0.
Using Ts
2 = 2 and γ1,2 = γ3,4 the QED amplitude can be obtained by re-summing the
integral results that gave equation (5.30) but using these QED values to obtain
exp
[
iα

(µ2z2)
]
, α =
e2Γ(1− )
4pi1−
coth γ1,2. (5.34)
Inserting the definition of the cusp angle gives
coth γ1,2 = coth
[
cosh−1
(p1 · p2
m2
)]
=
s− 2m2√
s(s− 4m2) . (5.35)
It is now possible to define the  independent factor of the trajectory in terms of the
Mandelstam invariants
α′ =
e2
4pi
s− 2m2√
s(s− 4m2) . (5.36)
This factor is described as the eikonal phase in gravitational literature, and we can
examine its relevance in QED. Inserting equation (5.36) into equation (5.34) and ex-
panding in  gives
exp
[
iα′

Γ(1− )(µ2z2pi)
]
= exp
[
i
α′

+ iα′ log(µ2z2) + γE + log(pi) +O()
]
,
=(µ2z2)iα
′
exp(iα′/), (5.37)
where we have neglected the two constant terms between the first and second lines
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as they will not be important in what follows. We can now Fourier transform to
momentum space as in equation (5.1). Making use of a Hankel transform of order zero
and t = −q2 gives
M˜ =
∫
d2z exp(−iq · z)(µ2z2)iα′ exp(iα′/),
=
4piiα′
t
exp(iα′/)
( −t
4µ2
)−iα′
Γ(1 + iα′)
Γ(1− iα′) . (5.38)
The Gamma functions will have poles occurring at points when iα′ = −N where
N = 1, 2, ... . Using our definition for α′ in equation (5.36) these poles are found to
occur at:
s = 2m2
[
1−
(
1 +
e4
16pi2N2
)−1/2]
. (5.39)
These are the physical poles in the scattering amplitude representing bound states.
Equation (5.39) gives the spectrum of s-channel bound states creatable in electron-
positron scattering (i.e. the spectrum of positronium states) reproducing equation
(17) of reference [138].
It has been shown that in the Regge limit in both QCD and QED at one loop level,
scattering processes dominated by t-channel exchanges Reggeize. Also explained is the
appearance of the eikonal phase term relating to the spectrum of s-channel bound states
that can be created in this scattering. Reggeization arises from vertical ladder Feynman
diagrams whereas the eikonal phase arises from horizontal ladder diagrams. Which
of these effects is kinematically dominant depends upon the squared charge of the
exchanged particle. If it is zero such as for the photon the eikonal phase term dominates;
in QCD the Reggeization term does. This will be an important consideration for the
gravity study detailed in the next section.
5.2 Wilson line approach for gravity
Having demonstrated the use of Wilson line techniques to investigate the Regge limit
in QCD and QED, a similar approach will now be constructed for gravity. In this case
the relevant Wilson line operators are obtained from equation (4.54):
Φg(p, z) = exp
[
i
κ
2
pµpν
∫
C
dshµν(sp+ z)
]
. (5.40)
Next-to-Soft Radiative Corrections in QCD and Quantum Gravity. 89
The graviton propagator in the de Donder gauge is
Dµν,αβ(x− y) = Pµν,αβΓ(d/2− 1)
4pid/2
[−(x− y)2 + iε]1−d/2,
Pµν,αβ =
1
2
(
ηµαηνβ + ηναηµβ − 2
d− 2ηµνηαβ
)
. (5.41)
By analogy with equation (5.1), the one-loop amplitude for the soft limit of gravity is
M˜g =
∫
d2z exp(−iz · q) 〈0|Φg(p1, 0)Φg(p2, z)|0〉 . (5.42)
The diagrams contributing at 1-loop are the same as for QCD except with the different
Feynman rules for the graviton used. The numerator for (5.41) differs from the gluon
propagator but the denominator factor is the same such that the necessary integrations
are also the same. The pre-factor to the integration will be different in necessitating
the replacement of pi · pj from the QCD case with:
pµi p
ν
i Pµν,αβp
α
j p
β
j = (pi · pj)2 −
1
d− 2m
4. (5.43)
The result for diagram (a) in the gravity case can then be written as:
M (1)g,a = −
(κ
2
)2 Γ(1− )
4pi2−
(µ2z2)
[
p1 · p2 − m
4
2(1− )
1
p1 · p2
]
1
2
(ipi − γ1,2) coth γ1,2.
(5.44)
This diagram can be obtained from equation (5.12) by switching the overall sign and
making the replacements:
gs → κ
2
, Ti → pi. (5.45)
The other diagrams exhibit similar relations such that the sum of the diagrams for
gravity in the Regge limit can be obtained by switching the overall sign and making
the replacements (as m→ 0) of:
gs → κ
2
, T2s → s, T2t → t, Ci → 0, (5.46)
doing so yields
∑
i
M
(1)
g,i = −
(κ
2
)2 Γ(1− )
4pi2−
(µ2z2)
2
[
ipis+ t log
(
s
−t
)]
+O(0). (5.47)
90 Chapter 5. Wilson line approach to the soft limit of Gravity
The O(m2) terms have been neglected as they vanish in the Regge limit and there are
no mass logarithms, as expected due to the absence of collinear singularities in quantum
gravity (see [131]). Quantum gravity also has the feature of one loop exactness such
that there are no perturbative corrections to this result (see [139, 140]).
There are two terms in the square bracket. The first term, ipis, is the eikonal phase
factor (see [141]). The second, logarithmically dependent, term acts to Reggeize the
graviton being exchanged in the t-channel. Expanding this result about small  and
exponentiating the result gives
Ag = exp(−ipisKg/)
(
s
−t
)−Kgt/
(µ2z2)−Kg [ipis+t log(s/−t)], (5.48)
where
Kg =
(κ
2
)2 Γ(1− )
8pi2−
. (5.49)
The power like term in (s/− t) when acting on the Born amplitude will Reggeize the
graviton with a Regge trajectory of
αg(t) = 2− tKg

. (5.50)
This one-loop Regge trajectory has a number of expected features e.g. it is infra-
red singular like in the QED and QCD cases. As in the latter theories, the Regge
trajectory is proportional to the quadratic casimir of the particle being exchanged in
the t-channel. For the case of gravity this corresponds to the squared momentum of
the graviton, which is t itself.
The amplitude also exhibits an eikonal phase factor where s is the quadratic Casimir
for s-channel exchanges. In the strict Regge limit of s  −t the eikonal phase will
dominate, kinematically suppressing the Reggeization term.
Performing the Fourier transform of the exponentiated amplitude gives the momen-
tum space amplitude
M˜g =
−4piKg
t
exp(−ipisKg/)
(
s
−t
)−Kgt/ [
ipis+ t log
(
s
−t
)]( −t
4µ2
)Kg [ipis+t log(s/−t)]
× Γ(1−Kg(ipis+ t log(s/− t))
Γ(1 +Kg(ipis+ t log(s/− t)) . (5.51)
The Gamma functions will no longer give a pure phase and instead of poles in the s
plane here we will have cuts. This has ramifications in Regge theory where the high-
energy behaviour of the amplitude A(s, t) is related to its analytically continued partial
wave coefficients F (t, j) where the angular momentum j is complex, via the relation
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[142]
F (t, j) =
∫ ∞
1
dss−j−1A(s, t). (5.52)
Therefore cuts in the s-plane give rise to Regge cuts in the complex angular momentum
plane. The cuts arise due to the cross talk between the Reggeization term and the
eikonal phase term.
Neglecting the Reggeization term and restoring the full mass dependence in the
eikonal phase term the amplitude is
M˜g = −4piiG(s)
t
exp(−iG(s)/)
( −t
4µ2
)iG(s)
Γ[1− iG(s)]
Γ[1 + iG(s)]
, (5.53)
where we have defined
G(s) = Gn
(
s2 − 4m2s+ 2m4√
s(s− 4m2)
)
. (5.54)
We now find poles instead of cuts and these poles correspond to the Newtonian bound
states relating to the 1/r part of the gravitational potential, an example of which is
the earth-moon system.
So far this investigation has been into the nature of the infra-red singular behaviour
of scattering amplitudes. But recent research has sought to clarify the nature of infra-
red finite contributions. The infra-red finite terms turn out to be different in the
different supersymmetric extensions of Einstein-Hilbert gravity. This is investigated in
the following section.
5.3 Infrared-finite contributions in supergravity
Supergravity will be considered with N = M copies of supersymmetry where 4 ≤M ≤
8. One-loop results are obtained in references [143–146]. Following reference [147] the
one-loop four graviton amplitude can be written as
M(1),N=M4 =
( κ
8pi
)2(4pie−γEµ2
|s|
)
Mtree4
×
{
2

[s log(−s) + t log(−t) + u log(−u)] + F (1),N=M4
}
, (5.55)
where F
(1),N=M
4 is IR finite and depends upon the degree of supersymmetry. The IR
singular part is universal at one loop and in the physical region of s > 0 and t, u < 0
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it is
M(1),N=M4,IR =
( κ
8pi
)2(4pie−γEµ2
|s|
)
2

[s log(s)− ipis+ t log(−t) + u log(−u)]Mtree4 ,
(5.56)
where we have used that log(−s) = log |s| − ipi. In the massless limit the choice can
be made that u = −s− t and equation (5.56) can be expanded about the Regge limit
to obtain
M(1),N=M4,IR =
(
κ2
32pi2
)(
4pie−γEµ2
|s|
) [
ipis+ t log
(
s
−t
)
+ t+O
(
t2
s
)]
Mtree4 ,
(5.57)
This result demonstrates the insensitivity of scattering ampltidues to the level of su-
persymmetry in the strict Regge limit and has an eikonal phase and Reggieization term
as we found previously. We can define a parameter for the Regge limit as
x ≡ −t
s
. (5.58)
Adding on the IR finite terms relating to different supergravity theories given in the
appendix of [147] to equation (5.57) and expand the resulting amplitude to next-to-
leading order in x gives
M(1),N=84 =
( κ
8pi
)2(4pie−γEµ2
−t
) {s

[−2ipi + 2x(L+ 1)] + sx [−2L2 + 2ipiL]}Mtree4 ,
M(1),N=64 =
( κ
8pi
)2(4pie−γEµ2
−t
) {s

[−2ipi + 2x(L+ 1)] + sx [−L2 + 2ipiL+ pi2]}Mtree4 ,
M(1),N=54 =
( κ
8pi
)2(4pie−γEµ2
−t
){
s

[−2ipi + 2x(L+ 1)] + sx
[
−L
2
2
+ 2ipiL+
3pi2
2
]}
Mtree4 ,
M(1),N=44 =
( κ
8pi
)2(4pie−γEµ2
−t
) {s

[−2ipi + 2x(L+ 1)] + sx [2ipiL− L+ 2pi2 + 1]}Mtree4 ,
(5.59)
where we have defined L = log(s/−t). From the results of equation (5.59) it is possible
to write a general amplitude at this order for different amounts of supersymmetry
M(1),N=M4 =
( κ
8pi
)2(4pie−γEµ2
−t
) {s

[−2ipi + 2xL+ 2x]
+ sx
[(
4−M
2
)
L2 +
(
8−M
2
)
pi2 + 2ipiL+ δM4(1− L)
]
+O(sx2) +O()}Mtree4 . (5.60)
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Figure 5.2: The complete set of diagrams contributing to the one-loop four-graviton am-
plitude arising in N = 8 supergravity. Diagram (a) is the dressed s-channel exchange,
(b) the dressed t-channel and (c) the dressed u-channel. All bubble and triangle graphs
cancel out.
In the infrared singular part of equation (5.60) there is the eikonal phase term and the
Reggeization term as before. However, in the infrared finite part there is a double log
contribution
sx
(
4−M
2
)
L2 =
(
M − 4
2
)
t log2
(
s
−t
)
, (5.61)
first observed in [127]. The double logarithm is super-leading over the Reggeization
term in the Regge parameter expansion by a factor of L(x). The prefactor to the
double logarithm term is dependent upon the degree of supersymmetry therefore this
term cannot be obtained from the Wilson line approach which is insensitive to the
matter content of the theory and only manages graviton-related contributions.
It is important to note that the double logarithm term is not connected to the
Reggeization factor for the graviton. This can be demonstrated by considering the
Feynman diagrams contributing to the amplitude. If we consider N = 8 supergravity
the graphs contributing to the amplitude are shown in figure (5.2) and the correspond-
ing amplitude can be written as [148]
M(1),N=84 = −i
(κ
2
)2
stu
[
I(1)4 (s, t) + I(1)4 (t, u) + I(1)4 (s, u)
]
Mtree4 , (5.62)
where
I(1)4 (s, t) = µ4−d
∫
ddk
(2pi)d
1
k2(k − p2)2(k − p1 − p2)2(k + p4)2 . (5.63)
This integral corresponds to the first box diagram, and I(1)4 (t, u) and I(1)4 (s, u) then
correspond to the second and third diagrams respectively. The result for the integral
is
I(1)4 (s, t) =
ie−γE(4pi)−2
st
{
4
2
− 2

log
(−s
µ2
)
− 2

log
(−t
µ2
)
+2 log
(−s
µ2
)
log
(−t
µ2
)
− 4pi
2
3
+O()
}
. (5.64)
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From this result we can see that the double logarithmic contribution comes from
the dressed u-channel diagram which contributes to neither the eikonal phase or the
Reggeization term by not being a ladder type diagram.
The origin of these double logarithms is important when considering if they expo-
nentiate and two such sources exist as discussed in [127]. One source is from finite
terms in ladder diagrams (see [L82b, 114, 115]), and the other is from backward scat-
tering. Backward scattering contributions arise from dressed u-channel graphs where
|k⊥|2 > −t which are important at this order in x. The authors of [127] write an
evolution equation for the leading partial wave contributing to the amplitude in the
limit in which the double logarithms are important whose solution is argued to resum
these contributions [
κ2t log2
(
s
−t
)]n
≈ κ2nsnxnL2n, (5.65)
indicating that such contributions become more kinematically suppressed at higher
orders in perturbation theory.
5.3.1 Two loop results
In order to investigate the exponentiation properties of the terms derived at one loop it
is worth doing a two-loop analysis as this will give information on the double logarithm
term. From [147] we can write the two-loop amplitude as
M(2),N=M4 ()
Mtree4
=
1
2
[
M(1),N=M4 ()
Mtree4
]2
+
( κ
8pi
)4
F
(2),N=M
4 +O(), (5.66)
where F
(2),N=M
4 is the two-loop remainder function not generated from the exponenti-
ation of one-loop results. This function has been calculated for N = 8 supergravity in
references [149, 150] using results of [148, 151, 152], and for N = M < 8 supergravity
in [147]. The behaviour of these functions expanded about the Regge limit is:
F
(2),N=8
4 =s
2x
{−2pi2 log2 x− 4pi2 log x+ pi4 + 4pi2+
+ipi
[
4
3
log3 x+ 4 log2 x−
(
8 +
8pi2
3
)
log x+ 16ζ3 +
8pi2
3
+ 8
]}
+ ...,
F
(2),N=6
4 =s
2x
{
−2pi2 log2 x− 4pi2 log x+ 59pi
4
90
+ 4pi2+
+ipi
[
2
3
log3 x+ 4 log2 x−
(
8 +
6pi2
3
)
log x+ 4ζ3 +
16pi2
3
+ 8
]}
+ ...,
F
(2),N=5
4 =s
2x
{
−2pi2 log2 x− 4pi2 log x+ 2pi
4
3
+ 4pi2+
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[
1
3
log3 x+ 4 log2 x−
(
8 +
5pi2
3
)
log x+ 4ζ3 +
20pi2
3
+ 8
]}
+ ...,
F
(2),N=4
4 =s
2x
{
−2pi2 log2 x− 4pi2 log x+ 13pi
4
30
+
22pi2
3
− 1+
+ipi
[
3 log2 x−
(
14 +
4pi2
3
)
log x+ 4ζ3 +
71pi2
9
+
32
3
]}
+ ... .
(5.67)
These remainder terms vanish in the strict Regge limit of x→ 0. In the Regge limit the
amplitude is dominated by the eikonal phase dressing the tree level result. This is to
be expected as the eikonal phase is known to exponentiate at this order and therefore
these terms have to vanish.
The logarithmic contributions can be written in general N = M form
F
(2),N=M
4 =s
2x
{−2pi2 log2 x− 4pi2 log x+
+ipi
[(
M − 4
3
)
log3 x+ (4− δM4) log2 x−
(
8 +
M2pi
3
+ 6δM4
)
log x
]}
+ ...
(5.68)
where terms independent of the amount of supersymmetry can be interpreted as in-
volving the graviton alone. Such terms are UV divergent in Einstein-Hilbert gravity
at two loops however the added matter content in supergravity makes them finite.
To investigate the exponentiation of the double logarithm we need to include the
quartic logarithmic terms that can arise at this loop order noted in [127], they are not
shown above as they are of O(s2x2). The terms are known to be of the form
F
(2),N=M
4 = ...+ cMs
2x2 log4
(
s
−t
)
+ ... where

c8 = −13
c6 = 0
c5 =
1
24
c4 = 0
. (5.69)
This shows that for M = 5 and 8 the double logarithm term does not formally ex-
ponentiate even though it has been argued in [127] that they can be resummed to
all orders. Such terms as these will be subleading to those of O(s2x). The terms in
the remainder function of O(s2x) also are kinematically superleading over the graviton
Reggeization term.
In the strict Regge limit x → 0 the two-loop remainder function vanishes and
therefore the two-loop amplitude is obtainable in full from exponentiation of the one-
loop amplitude. At three-loop level however there is evidence to indicate the possible
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breaking of the one-loop exactness by infra-red finite terms that survive in the Regge
limit. If one expands the ratio of gamma functions in equation (5.53) we get
Γ[1− iG]
Γ[1 + iG]
= e2iγEG
[
1 +
i
3
Ψ(2)(1)G3 +O(G4)
]
, (5.70)
where we have defined
Ψ(x) =
d
dx
log Γ(x). (5.71)
This lack of pure exponentiation at three-loop order is the term is evidence for one-
loop exactness being broken. There could arise additional terms at this loop order not
captured by the eikonal approximation that correct for this and restore the one-loop
exactness.
5.4 The Regge limit of multi-particle amplitudes
The previous work will be extended in this chapter to examine the Regge behaviour
of multigraviton amplitudes. Multi-Regge scattering considers the scattering of 2 →
(L− 2) particles. The outgoing particles all have similar transverse momenta but are
strongly ordered in rapidities. This restriction allows one to construct a hierachy of
Lorentz invariants such that sij = (pi + pj)
2  −t1,...L for all i, j where there can still
be a hierachy in the sij such as s12  s3,L−2. In the theory of QCD Reggeization
has been studied for general L-point scattering for L ≥ 4 (see reference [153] for a
pedagogical review). It has been confirmed in [154, 155] that in the Regge Limit of
QCD, scattering of this type is dominated by t-channel exchanges. The Feynman
diagrams for such graphs as that shown in figure (5.3) are ladder type graphs. Each
possible exchange between the rungs on the ladder should exhibit Reggeization through
a Reggeized propagator factor dependant upon the quadratic Casimir operator of the
exchanged object. We will examine this scattering at the one loop level as previously.
It would be a natural extension of the above work to demonstrate that this will
occur also for gravitons in the theories of quantum gravity we discussed. Again we will
perform the calculation using the Wilson line approach for comparison to the existing
results for non-abelian gauge theory. It will also help to have more insight into the
behaviour of the eikonal phase term in this scenario.
We can take the result for the four particle non-exponentiated QCD amplitude of
equation (5.25) and generalise it to the L-point case. To do so we consider the sum
over all one-loop diagrams that can occur for the diagram of figure (5.3). To simplify
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Figure 5.3: The ladder diagram being computed when considering 2 → (L − 2) scat-
tering in the Multi-Regge-Kinematic limit. Tti is the quadratic Casimir operator asso-
ciated with each strut on the ladder
things we consider all the masses to be the same. The resulting amplitude is
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2Λ2UV )

2
{
ipi
(
T1 ·T2 +
L−1∑
i=3
∑
j>i
Ti ·Tj
)
−T1 ·T2 log
( s
m2
)
−
L−1∑
i=3
∑
i>j
Ti ·Tj log
( sij
m2
)
−
L∑
i=3
[
T1 ·Ti log
(
− s1i
m2
)
+ T2 ·Ti log
(
− s2i
m2
)]}
,
(5.72)
where the color operators for the incoming particles T1,2 have had their signs reversed
from equation (5.25), ΛUV is a UV regulator and:
s = (p1 +p2)
2, sij = (pi+pj)
2, s1i = (p1−pi)2, s2i = (p2−pi)2; i, j > 3. (5.73)
The high energy limit of multiparton scattering corresponds to the multi-Regge-kinematic
(MRK) regime where the outgoing particles have widely separated rapidities. If we
rewrite the invariants in equation (5.73) in terms of the rapidity and transverse mo-
menta of the particles, see [153], we can make use of the approximations:
s ≈|k3⊥||kL⊥|ey3−yL ,
−s1i ≈|k3⊥||ki⊥|ey3−yi ,
−s2i ≈|kL⊥||ki⊥|eyL−yi ,
sij ≈|ki⊥||kj⊥|eyi−yj , 3 ≤ i ≤ j ≤ L, (5.74)
where yi and ki⊥ are the rapidity and the transverse momentum of particle i respec-
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tively. As we did earlier we can set the UV cutoff as the impact parameter z being
the distance of closest approach between the two incoming particles. A different choice
will introduce additional logarithms of the chosen cut off in equation (5.72). We can
substitute the results of equation (5.74) into equation (5.72) to obtain
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2Λ2UV )

2
{
−
L−1∑
i=1
∑
j>i
|yi − yj|Ti ·Tj + ipi
(
T1 ·T3 +
L−1∑
i=3
∑
j>i
Ti ·Tj
)
+
L∑
i=1
Ci log
( |ki⊥|
m
)}
, (5.75)
where we have introduced the quadratic Casimirs associated with the external lines,
used color conservation
L∑
i=1
Ti = 0, (5.76)
and introduced the unphysical rapidities y1 ≡ y3, y2 ≡ yL, in order to simplify the
notation. The s-channel quadratic Casimir can also be written in terms of the color
generators of the extra emissions via
T2s = (T1 + T2)
2 =
(
L∑
i=3
Ti
)2
. (5.77)
Using the above we can rewrite equation (5.75) as
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2Λ2UV )

2
{
−
L−1∑
i=1
∑
j>i
|yi − yj|Ti ·Tj + ipiT2s +
L∑
i=1
Ci
[
log
( |ki⊥|
m
)
− ipi
2
]}
.
(5.78)
Making use of the identity proven in [155]
L−1∑
i=1
∑
j>i
|yi − yj|Ti ·Tj = −
L−1∑
k=3
T2tk−2∆yk, (5.79)
where Tti is a quadratic Casimir operator for a given strut of the t-channel ladder
and ∆yk = yk − yk+1 is the associated rapidity difference. Using these we can re-write
equation (5.78) as
M
(1)
L =
g2sΓ(1− )
4pi2−
(µ2Λ2UV )

2
{
L−1∑
k=3
T2tk−2∆yk + ipiT
2
s +
L∑
i=1
Ci
[
log
( |ki⊥|
m
)
− ipi
2
]}
.
(5.80)
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We can exponentiate this one-loop function to obtain
exp
{
g2sΓ(1− )
4pi2−
(µ2Λ2UV )

2
{
L−1∑
k=3
T2tk−2∆yk + ipiT
2
s +
L∑
i=1
Ci
[
log
( |ki⊥|
m
)
− ipi
2
]}}
,
(5.81)
which will act to dress the L-point tree-level hard interaction. We see that this result
contains an eikonal phase term corresponding to the production of s-channel bound
states. The first term in the exponent is the Reggeization term, it is the leading high
energy behaviour and corresponds to leading contributions in rapidity. The t-channel
operators for each strut on the ladder will commute with each other (see [155]) such
that this term shows that each strut on the ladder Reggeizes independently.
We will now consider the gravity case. Either through explicit calculation or using
the previously indicated replacements of equation (5.46) we can find the exponentiated
one-loop eikonal amplitude
exp
{
−
(κ
2
)2 Γ(1− )
4pi2−
(µ2z2)
2
[
L−1∑
k=3
tk2∆yk + ipis
]}
, (5.82)
where tk is the squared momentum that is flowing through the k
th strut of the lad-
der. We see again that there is an eikonal phase term and a Reggeization term. The
quadratic Casimir is now the squared momentum transfer in the strut and the Reggeiza-
tion term acts to Reggeize each transferred graviton independently. Once again the
Reggeization term is kinematically subleading to the eikonal phase term in the Regge
limit by virtue of the quadratic Casimir being the momentum t of the exchanged par-
ticle.
It is likely to be the case in L-point scattering as it was for four that there will be
added infra-red finite terms that are kinematically superleading in such a way as to
affect the Reggeization of the graviton.
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Chapter 6
Next-to-Soft gravity
We have investigated the soft limit of QCD and quantum gravity utilising the Wilson
line technique. Now this work can be extended utilising the NE Feynman rules in the
Wilson line approach given in equations (4.54) and (4.38) to investigate the external
next-to-soft contributions to quantum gravity. Again we shall investigate QCD first
and utilise it for comparison in the following quantum gravity calculation.
6.1 External contributions in QCD
The external next-to-soft diagrams will be constructed by considering the scattering
processes depicted in figure (5.1) but with one of the external legs involved in the
virtual exchange dressed with a next-to-eikonal Wilson line. The resulting diagram
contributions will be of the form:
MNE1 = (µ2)(igs)2Ti ·Tj i
2
∫ ∞
0
dti
∫ ∞
0
dtjpjµ
∂
∂xνi
〈Aν(xi)Aµ(xj)〉 ,
= −ig
2
s
2
(µ2)Ti ·Tj
∫ ∞
0
dti
∫ ∞
0
dtjpjµ
∂
∂xνi
Dµν(xi − xj),
MNE2 = (µ2)(igs)2Ti ·Tj i
2
∫ ∞
0
dti
∫ ∞
0
dtjtipiνpjµ∂
2 〈Aν(xi)Aµ(xj)〉 ,
= −ig
2
s
2
(µ2)Ti ·Tj
∫ ∞
0
dti
∫ ∞
0
dtjtipiνpjµ∂
2Dµν(xi − xj), (6.1)
where xi = piti or xi = piti+z and we have used the definition of the gluon propagator
of equation (5.3). The derivatives of the propagator give
∂
∂xνi
Dµν(xi − xj) = −(d− 2)Γ(d/2− 1)
4pid/2
(xi − xj)µ
[−(xi − xj)2 + iε]−d/2 ,
∂2Dµν(xi − xj) = ηµνδ(d)(xi − xj), (6.2)
101
102 Chapter 6. Next-to-Soft gravity
where the second result is due to it being a Green’s function of the Klein-Gordon
equation. We are using a non-zero impact vector separating the two Wilson lines and
consequently xi 6= xj at any point such that the second term will always be zero. We
therefore must compute all such diagrams with integral definitions of the form MNE1
to develop all of the external contributions.
6.1.1 Master integral
We can now look to compute a master integral for the NE case applicable for all possible
insertions of the NE Feynman rule. The integral we will compute is
V µ(σipi, σjpj, z) =
Γ(d/2)
2pid/2
∫ ∞
0
dsi
∫ ∞
0
dsj(siσipi + sjσjpj)
µ
× [−(z + siσipi + sjσjpj)2 + iε]−d/2 ,
=
Γ(d/2)
2pid/2
∫ ∞
0
dsi
∫ ∞
0
dsj(siσipi + sjσjpj)
µ
× [z2 − (simi)2 − 2(simi)(sjmj)σ cosh γi,j − (sjmj)2 + iε]−d/2 ,
(6.3)
where σk is a sign keeping track of whether line k is incoming (−1) or outgoing (+1)
and σ = σiσj. We can perform the re-parameterisations:
si =
√
z2
mi
st, sj =
√
z2
mj
s, (6.4)
and rescale ε by (s2 + 1)z2 to give
=
Γ(d/2)
2pid/2
(z2)(3−d)/2
mimj
∫ ∞
0
dt
∫ ∞
0
dss
(
stσi
pµi
mi
+ sσj
pµj
mj
)
× [1− s2(t2 + 2σt cosh γi,j + 1− iε) + iε]−d/2 . (6.5)
There are two different integrals one proportional to pµi and one proportional to p
µ
j .
We shall firstly compute the one proportional to pµj the integration for which we define
as Vj:
Vj =
∫ ∞
0
dt
∫ ∞
0
dss2
[
1− s2(t2 + 2σt cosh γi,j + 1− iε) + iε
]−d/2
= sinh γi,j
∫ ∞
σ coth γi,j
dx
∫ ∞
0
dss2
[
1− s2 sinh2 γi,j(x2 − 1− i) + iε
]−d/2
. (6.6)
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To put the integral into the recognisable form of a hypergeometric function we perform
the transformation of
s =
√
u
1− u, ds =
1
2
√
1
u(1− u)3 . (6.7)
This allows us to rewrite the s integral as:
Iu =
1
2
∫ 1
0
u1/2(1− u)(d−5)/2 [1− u(1 + sinh2 γi,j(x2 − 1− iε)) + iε]−d/2 ,
=
Γ(3/2)Γ((d− 3)/2)
2Γ(d/2)
2F1
(
d
2
,
3
2
,
d
2
, 1 + sinh2 γi,j(x
2 − 1− iε)
)
,
=
Γ(3/2)Γ((d− 3)/2)
2Γ(d/2)
(− sinh2 γi,j(x2 − 1− iε))−3/2 . (6.8)
Inserting this result into equation (6.6) we obtain
Vj =
Γ(3/2)Γ(d/2− 3/2)
2Γ(d/2) sinh2 γi,j
∫ ∞
σ coth γi,j
dx
(−x2 + 1 + iε)3/2 . (6.9)
For σ = 1 we can take ε→ 0 and get∫ ∞
coth γi,j
dx
(−x2 + 1 + i)3/2 = −i
x√
x2 − 1
∣∣∣∣∞
coth γi,j
= i(cosh γi,j − 1). (6.10)
For σ = −1 the integration contour encounters the poles at x = ±√1− iε. We can
split the integral into pieces to manage this∫ ∞
− coth γi,j
dx
(−x2 + 1 + i)3/2 = I1 + I2 + I3 + I4 + I5, (6.11)
where we have defined
I1 =
∫ −1−ε
− coth γi,j
dx
(1− x2)3/2 = −i
(
− 1√
2ε
+ cosh γi,j
)
,
I2 =
∫
|x+1|=ε
dx
[−(x− 1− iε)(x+ 1 + iε)]3/2 =
∫ 0
pi
εieiθdθ
(2εeiθ)3/2
=
−1√
2ε
e−iθ/2
∣∣∣∣0
pi
=
1√
2
(−i− 1),
I3 =
∫ 1−ε
−1+ε
dx
(1− x)3/2 =
2√
2ε
,
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I4 =
∫
|x−1|=ε
dx
[−(x− 1− iε)(x+ 1 + iε)]3/2
=
∫ 2pi
pi
−εiei(θ−pi)dθ
(2εei(θ−pi))3/2
=
1√
2
e−i(θ−pi)/2
∣∣∣∣2pi
pi
=
1√
2
(−i− 1) ,
I5 =
∫ ∞
1+ε
dx
(1− x2)3/2 = −i
(
1− 1√
2ε
)
, (6.12)
and worked to leading order in ε. The contour goes over the pole at x = −1 so in
I2 we use x = −1 + εeiθ. Similarly, it goes under the pole at x = 1 so for I4 we use
x = 1− εei(θ−pi). The sum over the integration parts is
I1 + I2 + I3 + I4 + I5 = i(− cosh γi,j − 1), (6.13)
thus we find that all divergent pieces cancel. The result for the integral is
Vj =
iΓ(3/2)Γ(d/2− 3/2)
2Γ(d/2)(1 + σ cosh γi,j)
. (6.14)
6.1.2 Vi
Next we need to compute the integral proportional to pµi , which we denote by:
Vi =
∫ ∞
0
dtt
∫ ∞
0
dss2
[
1− s2(t2 + 2σt cosh γi,j + 1− iε) + iε
]−d/2
,
=
Γ(3/2)Γ(d/2− 3/2)
2Γ(d/2) sinh2 γi,j
∫ ∞
σ coth γi,j
dx
(x sinh γi,j − σ cosh γi,j)
(−x2 + 1 + iε)3/2 , (6.15)
where the computation follows the same procedure as for Vj. For σ = 1 we have∫ ∞
coth γi,j
dx
x
(−x2 + 1 + iε)3/2 = i
∫ ∞
coth γi,j
dx
x
(x2 − 1)3/2
=
i
(x2 − 1)1/2
∣∣∣∣∞
coth γi,j
= i sinh γi,j. (6.16)
For σ = −1 we can follow the same procedure of splitting the integration into parts as
for equation (6.11), the result is∫ ∞
− coth γi,j
dx
x
(−x2 + 1 + iε)3/2 = i sinh γi,j, (6.17)
again we find all divergent pieces cancel. The result for Vi is now
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Vi =
iΓ(3/2)Γ(d/2− 3/2)
2Γ(d/2) sinh2 γi,j
[(i sinh γi,j) sinh γi,j − i(σ cosh γi,j − 1)σ cosh γi,j] ,
=
Γ(3/2)Γ(d/2− 3/2)
2Γ(d/2)(1 + σ cosh γi,j)
. (6.18)
From this calculation we see that Vi = Vj. This is the expected result as can be seen
from considering equation (6.3) which is symmetric under interchange of i ↔ j. We
can now insert the result above into equation (6.3) to obtain the result for the master
integral
V µ(σipi, σjpj, z) =
iΓ(3/2)Γ((d− 3)/2)
4pid/2
(z2)(3−d)/2
mimj
(
pµi
mi
+
pµj
mj
)
1
1 + σ cosh γi,j
.
(6.19)
6.1.3 Vertex correction master integral
We will also need to consider the case of the vertex correction where the emission and
absorption of the soft gluon occurs between two lines not separated by the physical
impact parameter. Starting from the same integral as before but with z → 0
V (σipi, σjpj, 0) =
Γ(d/2)
2pid/2
∫ ∞
0
dsi
∫ ∞
0
dsj(sipi · pj + sjσp2j)
× [−(siσipi + sjσjpj)2 + iε]−d/2 . (6.20)
Performing the re-parameterisations:
si =
s
mi
, sj =
st
mj
, (6.21)
puts the integral in the form
V (σipi, σjpj, 0) =
Γ(d/2)
2pid/2
1
mimj
∫ ∞
0
dt
∫ ∞
0
dss
(
s
pi · pj
mi
+ stσ
p2j
mj
)
× [−s2(t2 + 1 + 2σt cosh(γi,j)) + iε]−2 ,
=
Γ(d/2)
2pid/2
1
mi
∫ ∞
0
dss2−2
∫ ∞
0
dt (cosh(γi,j) + σt)
× [−(t2 + 1 + 2σt cosh(γi,j)) + iε]−2 . (6.22)
The s integral contains the cancellation between the spurious UV and IR divegences
this time in d = 3 or equivalently  = 1/2. We can introduce a short distance cut off to
regulate the UV divergence, doing so will introduce logarithms of the regulator in the
final result as in the soft case of the previous chapter. We therefore use
√
z2 for the
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same reasons as discussed in the previous chapter allowing us to perform the s integral,∫ ∞
√
z2
dss2−2 = − (z
2)
(2− 1)
√
z2
. (6.23)
We can insert this into equation (6.22) and complete the square in t:
V (σipi, σjpj, 0) =− Γ(d/2)
2pid/2
(z2)
(2− 1)
√
z2
1
mi
∫ ∞
0
dt (cosh(γi,j) + σt)
× [−((t+ σ cosh(γi,j))2 − cosh2(γi,j) + 1) + iε]−2 ,
=− Γ(d/2)
2pid/2
(z2)
(2− 1)
√
z2
1
mi
∫ ∞
0
dt (cosh(γi,j) + σt)
× [−(t+ σ cosh(γi,j))2 + sinh2(γi,j) + iε]−2 . (6.24)
Rescale t = x sinh(γi,j)− σ cosh(γi,j) gives the integral:
V (σipi, σjpj, 0) =− Γ(d/2)
2pid/2
(z2)
(2− 1)
√
z2
1
mi
∫ ∞
σ coth(γi,j)
dx
(
σx sinh2(γi,j)
)
× [−(x sinh(γi,j))2 + sinh2(γi,j) + iε]−2 ,
=− Γ(d/2)
2pid/2
(z2)
(2− 1)
√
z2
1
mi
σ
sinh2(γi,j)
×
∫ ∞
σ coth(γi,j)
dx
x
[−x2 + 1 + iε]2 . (6.25)
For σ = 1, true for all vertex correction diagrams, we can send ε→ 0 to obtain∫ ∞
σ coth(γi,j)
dx
x
[−x2 + 1 + iε]2 =
−1
2(x2 − 1)
∣∣∣∣∞
coth(γi,j)
=
sinh2(γi,j)
2
. (6.26)
Inserting the result into equation (6.25) gives the master integral as
V (σipi, σjpj, 0) = −Γ(d/2)
4pid/2
(z2)
(2− 1)
√
z2
1
mi
,
=
Γ(2− )
4pi2−
(z2)
(1− 2)
√
z2
1
mi
. (6.27)
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Figure 6.1: Feynman diagrams arising at one-loop order for the calculation of NE
(external) next-to-soft amplitudes in QCD. The blob vertex represents the NE vertex
and the other gluonic vertex is eikonal.
6.1.4 Sum over diagrams
We have now calculated master integrals for the purposes of computing all the external
emission contributions. Using these the integrals associated with the diagrams shown
in figure (6.1) can be written as:
Ma1 =
ig2s
2
(µ2)T1 ·T2V (−p1, p2, z),
Mb1 =
ig2s
2
(µ2)T3 ·T4V (p3,−p4, z),
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Mc1 =
ig2s
2
(µ2)T1 ·T4V (−p1,−p4, z),
Md1 =
ig2s
2
(µ2)T3 ·T2V (p3, p2, z),
Me1 =
ig2s
2
(µ2)T1 ·T3V (−p1,−p3, 0),
Mf1 =
ig2s
2
(µ2)T2 ·T4V (−p2,−p4, 0),
Ma2 =
ig2s
2
(µ2)T1 ·T2V (−p2, p1, z),
Mb2 =
ig2s
2
(µ2)T3 ·T4V (p4,−p3, z),
Mc2 =
ig2s
2
(µ2)T1 ·T4V (p4, p1, z),
Md2 =
ig2s
2
(µ2)T3 ·T2V (−p2,−p3, z),
Me2 =
ig2s
2
(µ2)T1 ·T3V (p3, p1, 0),
Mf2 =
ig2s
2
(µ2)T2 ·T4V (p4, p2, 0).
(6.28)
For clarity we introduce the combined pre-factor:
C(µ, , z) =
−g2s
2
Γ
(
1−2
2
)
8pi(3−2)/2
(µ2z2)√
z2
. (6.29)
The sum over the two possible insertions for diagrams (a)→ (d) gives
2∑
i=1
∑
α∈a,b,c,d
Mαi =C(µ, , z)
[
−T1 ·T2
(
1
m1
+
1
m2
)
−T3 ·T4
(
1
m3
+
1
m4
)
+
+T1 ·T4
(
1
m1
+
1
m4
)
+ T2 ·T3
(
1
m2
+
1
m3
)]
. (6.30)
We can use the fact that m1 = m3, m2 = m4 and the color operators of equation (5.26)
to write this as
2∑
i=1
∑
α∈a,b,c,d
Mαi =C(µ, , z)
(
1
m1
+
1
m2
)
T2t . (6.31)
Similarly we can define another pre-factor for the vertex correction diagrams
C˜(µ, , z) =
−g2s
2
Γ (2− )
4pi2−
(µ2z2)√
z2
+O(). (6.32)
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The sum of the two insertions for both diagrams (e) and (f) therefore gives
2∑
i=1
∑
α∈e,f
Mαi =C˜(µ, , z)
[
T1 ·T3
(
1
m1
+
1
m3
)
+ T2 ·T4
(
1
m2
+
1
m4
)]
,
=2C˜(µ, , z)
[
T1 ·T3 1
m1
+ T2 ·T4 1
m2
]
,
=C˜(µ, , z)
[
T2t
(
1
m1
+
1
m2
)
− 2C1
m1
− 2C2
m2
]
. (6.33)
The result for the amplitude is proportional to 1/mi for i = 1, 2 which prevents taking
the massless limit of the incoming particles. The interpretation of this requires com-
parison with the eikonal result. If we consider the eikonal result with diagrams (e)
and (f) removed we have terms proportional to log(s/m1m2) as appear in equation
(5.28) differing from our previous result where they were log(s/− t). At eikonal level
we see that there is a logarithmic divergence associated with mi → 0 in d = 4. From
our earlier discussion of spurious cancellation of UV and IR poles we can see that the
NE result of equation (6.31) is divergent in d = 3. The mass divergence for the NE
result is powerlike in d = 4 however in d = 3 it is logarithmic. Terms logarithmically
divergent in the mass are due to collinear singularities so we can therefore interpret
the mass divergence in equation (6.31) as being due to the virtual next-to-soft gluon
being collinear with one of the external lines.
It is worth noting that the choice of UV regulator being
√
z2 in diagrams (e) and (f)
in the eikonal case allowed us to shift the mass divergence from the Regge trajectory
term into the color diagonal terms in the amplitude. The choice of regulator was such as
to compare with massless results, the diagrams contain scaleless integrals if unregulated
and consequently are zero in dimensional regularisation. The choice of how to include
the graphs (e) and (f) comes down to a choice of regularisation scheme. This scheme
dependence is a well-known ambiguity as to whether the mass singularities should be
absorbed into the Regge trajectory or into the impact factor of the external line as
discussed in [153].
We can exponentiate this one loop result to gain all order resummation as demon-
strated in [34]. The result of exponentiating the diagrams (a) → (f) and combining
with the eikonal result gives
AE+NE = exp
{
g2s
8pi2−
(µ2z2)
[
Γ(1− )

(
ipiT2s + log
(
−s
t
)
T2t −
ipi
2
4∑
i=1
Ci
+ log
(
− t
m21
)
C21 + log
(
− t
m22
)
C22
)
−
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− pi
2
√
z2
(
1
m1
+
1
m2
)
T2t −
1√
z2
(
T2t
(
1
m1
+
1
m2
)
− 2C1
m1
− 2C2
m2
)]}
.
(6.34)
We see that the NE external additions contribute to the gluon Reggeization term
proportional to T2t . The absence of an imaginary term means there is no contribution
to the eikonal phase factor from these NE additions.
6.2 External contributions in quantum gravity
Having computed the external corrections in the path integral formulation for QCD we
will now go on to examine gravity utilising the calculation from QCD. The NE gravity
Feynman rules one must consider are obtained from equation(4.54) and are restated
here
NEg1 =
κ
4
pj(µ∂ρ)
(
κhρµ +
κ
2
hααη
ρµ
)
,
NEg2 =
κ
4
tpjµpjν∂
2hµν . (6.35)
As for QCD we know that the propagator for the graviton is a Green’s function of the
Klein-Gordon equation therefore NEg2 = 0. The first term can be rewritten as
NEg1 =
κ
4
pjµ∂ρ
(
ηραηµβ + ηρβηµα − ηαβηρµ)hαβ, (6.36)
where hαβ is symmetric in its indices. The diagrams to be computed are the same as
for QCD except with the exchanged object being the graviton. The contribution from
a general diagram where the graviton is exchanged between legs i and j can be written
as
MNEg1 =− i
2
(κ
2
)2
(µ2)pµi p
ν
i pjσ
(
ηραηµβ + ηρβηµα − ηαβηρµ)
×
∫ ∞
0
dsi
∫ ∞
0
dsj
∂
∂xρj
〈hµν(xi)hαβ(xj)〉 . (6.37)
We can insert the graviton propagator used previously from equation (5.41)
MNEg1 =− i
2
(κ
2
)2
(µ2)pµi p
ν
i pjσ
(
ηραηµβ + ηρβηµα − ηαβηρµ)Pµναβ
×
∫ ∞
0
dsi
∫ ∞
0
dsj
Γ(d/2− 1)
4pid/2
∂
∂xρj
[−(xi − xj)2 + iε]1−d/2 . (6.38)
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Using xi = sipi + z and xj = sjpj this integration can be recognised as being the same
as that from the QCD case given in equation (6.3) such the result for a general diagram
is now
MNEg1 =− i
2
(κ
2
)2
(µ2)pµi p
ν
i pjσ
(
ηραηµβ + ηρβηµα − ηαβηρµ)Pµναβ
× Vρ(σipi, σjpj, z). (6.39)
We can also recognise that this diagram could be constructed by using the replacements
of equation (5.45) in the QCD result of equation (6.1) multiplied by an overall factor
of 2. This factor of 2 is consistent with the double copy [53–55] and arises from com-
binatorics. It is due to the numerator in the gravitational integrals being constructed
from combining two copies of a gauge theory numerator. If we consider expanding a
gauge theory numerator in the virtual soft momentum we have
Ngauge = N
(0)
gauge +N
(1)
gauge +O(k2), (6.40)
where (0) and (1) correspond to leading and next-to-leading in soft momentum terms
respectively. Gravity numerators in the double copy are constructed from two insertions
of these such that
Ngrav = N
2
gauge = N
(0)
gauge
2
+ 2N (0)gaugeN
(1)
gauge +O(k2). (6.41)
We see that the factor of two arises in the term of O(k). We can therefore use this
observation with the replacements of equation (5.46) to immediately write the exponen-
tiated 1-loop amplitude for the external next-to-soft contribution to quantum gravity
using equations (6.31) and (6.33) as
Mg(a→f) =−
(κ
2
)2 1
4pi(2−)
(µ2z2)√
z2
t
(
1
m1
+
1
m2
)[
Γ
(
1− 2
2
)
Γ
(
3
2
)
+ Γ(2− )
]
.
(6.42)
We see that the result in gravity gives a term proportional to t
m1,2
which means this
is a contribution to the Regge trajectory term from the soft analysis. This is the
same conclusion as was reached for the external next-to-soft contributions in QCD
but as discussed in chapter 5, the Regge trajectory is kinematically subleading with
respect to the eikonal phase term in quantum gravity. Recent studies into the next-
to-soft contributions to quantum gravity neglected these contributions [156]. In that
work they considered large masses therefore it is justified to do so, as they are doubly
suppressed in the Regge limit.
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Chapter 7
Conclusions
The work of this thesis has been to demonstrate a correct treatment of all contribu-
tions to next-to-soft enhancements to scattering cross sections. Using the language of
Feynman diagrams we have fully captured all added contributions to scattering am-
plitudes that need to be calculated and where necessary shown the calculations. A
next-to-soft treatment of scattering will give information into the behaviour of theories
in the infra-red limit beyond just examining the poles, this is particularly interesting
for the theory of quantum gravity due to the infra-red limit being that observed on
large, astronomical scales allowing insights into phenomena such as black holes. This
can be demonstrated graphically in figure (7.1) produced in the work of Giddings [126]
discussing the gravitational S-matrix. The figure indicates that the next-to-soft anal-
ysis extends into the regions of phase space adjacent to black hole physics. The issues
of unitarity that arise when considering black hole evaporation and the existence of a
gravitational S-matrix will require next-to-soft analysis of quantum gravity. Therefore
the work produced in developing next-to-soft formalisms and techniques for quantum
gravity in this thesis will help to guide work in these fields.
In chapter two we detailed that through a modification of the LBKDD theorem
one can construct a generalised formalism for computing all Abelian like NLP loga-
rithms contributing at NNLO in the Drell-Yan electroweak annihilation cross section.
This process was selected for two reason: firstly, the real-virtual gluon contributions
test all terms in the formalism; secondly, there is an absence of final state jets when
compared to DIS and other processes. This builds upon previous work of [157] which
considered the contributions of double real emission contributions through extending
the soft expansion to next-to-soft level. The formalism is written in terms of famil-
iar components from soft-collinear factorisation but with the additional inclusion of a
radiative jet contribution first defined in [37] but here computed to NLO. The com-
putation of the radiative jet function was performed using light like reference vectors
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Figure 7.1: A plot of the impact parameter and interaction energy phase space to
indicate the regions of physics probed by the next-to-soft extensions in quantum gravity.
The next-to-soft region is the area between the dashed eikonal line and the solid strong
gravity line.
n2i = 0 which leads to a much simplified expression for the general NLP formalism. It
is demonstrated that doing so introduces no double counting of poles or other issues
due to the simple renormalisation properties of equation (2.74).
This method can be extended to other scattering processes that arise in collider
physics that are gluon-initiated. A necessary extension of this work will be to gen-
eralise the technique for abelian like terms to the full non-abelian case which will
have immediate applications to Higgs production via gluon fusion. The application
of this formalism to inclusive cross sections for Higgs production will be of clear use
for currently interesting phenomenological calculations. In order to accomplish this a
fully systematic treatment of the factorisation of the multi-gluon phase space will be
required. An important line of future work will be to see which components of this for-
malism are amenable to all order resummation techniques to go beyond NNLO in the
perturbative expansion. As well as the reproduction of the logarithmically enhanced
terms at NNLO the formalism correctly reproduced the constant term in the infra-red
finite part giving evidence that the formalism will be applicable at higher, non diver-
gent orders. The resummation of next-to-soft effects will lead to increased accuracy
in theoretical predictions of scattering cross sections in collider physics this has been
examined from an effective theory (SCET) point of view in [158]. In the future it would
be useful for the formalism to be applied to final state jets to extend the applicability
of the formalism to more processes relevant to collider physics.
The formalism constructed has correctly disentangled hard-collinear and soft diver-
gent effects at NLP level. This has created a simple recipe by which to fully reproduce
all NLP logarithms in scattering processes such that in the future one will not need
to be concerned with lost or double counted contributions at this level. The general
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nature of the work should also be useful when considering what parts of it exponenti-
ate or can other-wise be itteratively resummed to gain all order information on NLP
effects.
The generality of the formalism constructed gave it applicability to other theories
and in this thesis attention was turned to quantum gravity. In chapter three we demon-
strated a leading order soft calculation in quantum gravity using techniques familiar
from QCD, that of Wilson lines applicable in the Regge limit. This treatment is very
natural due to its position space formalism being very intuitive to interpret for gravita-
tional scattering. To demonstrate the technique, clarify similarities between quantum
gravity and QCD and to show the ease with which it is applied to quantum gravity we
performed the calculation in QCD too.
The Wilson line technique first utilised in the Regge limit of gauge theories is
a natural way of describing transplanckian gravitational scattering. This approach
to gravitational scattering naturally makes manifest the term which Reggeizes the t-
channel exchanged object even if it is sub-leading in the strict Regge limit. In QCD
the Reggeization term is the dominant contribution to the amplitude in the Regge
limit superleading over the eikonal phase term. In quantum gravity the exchanged
object is the graviton and it was demonstrated using this formalism that the graviton
does Reggeize. It was shown that in the Regge limit the amplitude for the t-channel
exchange of a graviton has terms kinematically superleading over the Reggeization
term. The leading term is that of the eikonal phase. It was also demonstrated that
non-logarithmic terms arising in N = 4, 5, 6, 8 supergravity can also be of the same
order as the Reggeization term. This clarification of the nature of the Reggeization
of the graviton made manifest by the Wilson line formalism is a demonstration of the
potential insight one can gain by the application of gauge theory techniques to quantum
gravity. The difference in the kinematically leading nature of the Regge term is due
to the interchange of color factors from QCD for kinematic factors in quantum gravity
given in equation (5.46). Multi-Reggeon exchange for both QCD and gravity was also
demonstrated again showing that the Reggeization term is subleading to the eikonal
phase term in quantum gravity. This clarification of the Reggiezation behaviour of
gravitons gives evidence that the approach of using the Wilson line decription of eikonal
scattering can give insight into expected features in quantum gravity that have been
lost by previous approaches to the eikonal limit. Reggiezation phenomena occuring in
quantum gravity is another example of similarities between the theories of quantum
gravity and QCD and it is an example of how one can hope to gain insight into quantum
gravity by using QCD technologies.
Beyond leading order in perturbation theory cross-talk occurs between the Reggeiza-
tion and eikonal phase terms and in QCD there will arise added terms from perturbative
116 Chapter 7. Conclusions
contributions to the exponent of the soft function. The soft function is known to be
one-loop exact in (super-)gravity [78, 82, 131, 132] and in the strict Regge limit we see
that the contribution arises just from the eikonal phase term. By computing the Regge-
limit of the logarithm of the known two loop amplitudes in N = 4, 5, 6, 8 supergravity
it is possible to find any correction terms to the result obtained from exponentiating
the one-loop result, testing one loop exactness. We know that the eikonal phase term
is of O(s2) and we have shown that the Reggeization term is of O(t2) owing to its lack
of contribution in the Regge limit. We find correction terms are O(st) and therefore
in the strict Regge limit vanish with respect to the eikonal phase term, demonstrating
the validity of one loop exactness at this two loop order. Further study into whether
this holds for the interesting case of N = 4 supergravity at three-loops and beyond
requires the evaluation of the contributing non-planar integrals. Further study into
the higher loop levels of supergravity in the Regge limit would be a natural extension
of this work and may shed light onto issues of black hole formation and unitarity in
quantum gravity.
The combination of these areas of work into creating a full treatment of next-to-
soft contributions in quantum gravity is the next area of work to be completed. The
method detailed in chapter 2 where the extended version of the LBKDD theorem was
constructed for gauge theory amplitudes should reproduce all NLP logarithms in the
scattering cross sections. The first thing to complete is to clarify and compute all
relevant Feynman diagrams. It has been explained how contributions can be split
into internal and external contributions and chapter 6 has outlined how to calculate
the external corrections in QCD and quantum gravity. It has been demonstrated
that the external emission contributions at next-to-soft level give color (kinematically)
suppressed contributions to the Reggeization term found in the soft limit of QCD
(gravity). Such results were found to be divergent in the limit of massless emitting
particle due to the virtual boson becoming collinear with an external line. The next task
will be to compute the internal emission contributions that will involve computations
of the seagull and 3-graviton vertex graphs. Combining these results should then give
a full treatment of next-to-soft effects free of constraints on the masses of the emitters.
It will then be possible to take limits of the masses to try and make connection with
previous results obtained for next-to-soft quantum gravity calculations such as those
of [156]. This will both test our formalism and demonstrate it’s capacity to examine
such scenarios as test particle scattering in the region of black holes.
Appendix A
Appendix
A.1 Expansion of metric determinant
It has been necessary to use the expanded form of the metric determinant. The method
by which we have done so for the work in this thesis is detailed below
(−|g|))1/2 = − exp
(
1
2
ln(|g|)
)
,
= − exp
(
1
2
Tr(ln(g))
)
,
= − exp
(
1
2
Tr(ln(ηµν + κhµν))
)
,
= (−|ηµν |)1/2 exp
(
1
2
Tr(ln(1 + κηµνh
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)
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= exp
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2
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2
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)
,
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1
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+
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2
[
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2
4
− h
αβhαβ
2
]
+O(k3h3). (A.1)
A.2 Integral techniques
Some useful integral techniques and the definitions used for the thesis calculations are
detailed below.
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A.2.1 Feynman parameters
Feynman parameters have been used for computing integrals throughout the thesis.
The general implementation of this that has been used is:
1
Dα11 ...D
αn
n
=
Γ(α1 + ...+ αn)
Γ(α1)...Γ(αn)
∫ 1
0
dx1..
∫ 1
0
dxn
δ(
∑n
k=1 αk − 1)xα1−11 ...xαn−1n
(x1D1 + ...+ xnDn)
∑n
k=1 αk
. (A.2)
A.2.2 Schwinger parameter
A useful trick for performing loop momentum integrals is the Schwinger parameter, it
can be shown that
i
A
=
∫ ∞
0
ds exp(isA). (A.3)
Performing derivatives with respect to A one arrives at the all order form(
i
A
)n
=
∫ ∞
0
ds
sn−1
Γ(n)
exp(isA). (A.4)
A.2.3 Gaussian integrals
The use of d dimensional Gaussian integrals is ubiquitous throughout this work and
included are those with pre-factors that are linear, quadratic and higher orders in
the integration variable. Those that have odd integer powers in the pre-factor are
necessarily zero due to the symmetry of the exponential term and of the integration
limits. Even powers can be tackled using parameter differentiation, i.e.
Ig =
∫
dx(x2)n exp(−αx2),
=(−1)n ∂
n
∂(α)n
∫
dx exp(−αx2),
=(−1)n ∂
n
∂(α)n
√
pi
α
,
=
Γ(n+ 1/2)
Γ(1/2)
α−n
√
pi
α
. (A.5)
The d-dimensional generalisation of this is
Ign = −
(pi
α
)d/2 Γ(n+ d/2)
Γ(d/2)
α−n. (A.6)
A.2.4 Quadratic numerator identity
I shall derive here the integration identity utilised in computing the quadratic nu-
merator term in the one-loop radiative jet function calculation. Consider the starting
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point ∫
ddk
∂
∂kµ
kν
(k2 −m2)n = 0
=
∫
ddk
ηµν
(k2 −m2)n − 2n
kνkµ
(k2 −m2)n+1 . (A.7)
Giving the identity
ηµν
2n
∫
ddk
1
(k2 −m2)n =
∫
ddk
kνkµ
(k2 −m2)n+1 (A.8)
A.2.5 Plus distribution
The plus distribution function is used in equation (2.67). When convoluted with a
smooth test function the plus distribution acts such that∫ 1
0
dzD+(z)F (z) =
∫ 1
0
dzD(z) [F (z)− F (1)] . (A.9)
The purpose of the plus distribution function in equation (2.67) is to overcome the
divergent nature of the function Dn(z) at z = 1 when integrating over the threshold
parameter space (z ∈ [0, 1]).
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